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BOUNDARY LAYER ANALYSIS FOR THE FAST HORIZONTAL ROTATING FLUIDS
WEI-XI LI, VAN-SANG NGO AND CHAO-JIANG XU
Abstract. It is well known that, for fast rotating fluids with the axis of rotation being perpendicular to
the boundary, the boundary layer is of Ekman-type, described by a linear ODE system. In this paper we
consider fast rotating fluids, with the axis of rotation being parallel to the boundary. We show that the
corresponding boundary layer is describe by a nonlinear, degenerated PDE system which is similar to the 2
-D Prandtl system. Finally, we prove the well-posedness of the governing system of the boundary layer in
the space of analytic functions with respect to tangential variable.
1. Introduction
The incompressible Navier-Stokes equation coupled with a large Coriolis term reads

∂tu
ε − ν∆uε + uε · ∇uε + ω × u
ε
ε
+∇pε = 0,
div uε = 0,
uε|t=0 = uε0,
with Dirichlet boundary condition, where ω×uεε stands for the Coriolis force and ω is the rotation vector,
ε−1 the rescaled speed of rotation, ν the viscosity coefficients. The above system is sufficient to describe the
rotation fluids which is a significant part of geophysics. Due to the earth’s self-rotation, we can’t neglect
the Coriolis force in order to model the oceanography and meteorology dealing with large-scale magnitude.
When the fluid is between a strip and the direction of rotation is not parallel to the boundary, we have the
well-developed Ekman layers to match the interior flow with Dirichlet boundary condition, cf. [4, 5, 15, 24]
and the references therein. The situation will be more complicated when the direction of rotation is parallel
to the boundary, considering cylinder for instance and letting the fluid rotate around the vertical axis. Then
we will have two types of boundaries, the horizontal boundary layer which is Ekman layers and the vertical
boundary layers for which much less is known, despite various studies [5, 33, 35]. We refer to [5] for detailed
discussions on the problem of vertical boundary layers.
In this paper, we consider the fast rotating viscous fluids where the the axe of rotation is horizontal with
respect to the boundary. We prove that the governing equation for boundary layer is nonlinear PDE system
which is similar to classical 2 -D Prandtl boundary layer system, and we also obtain the well-posedness of
this vertical boundary layers in the space of analytic functions.
As a preliminary step we first consider the half space case R3+ = R
2
h × R+. More precisely, we consider
the following system
(N-Sε)


∂tu
ε − ν∆uε + uε · ∇uε + e2 × u
ε
ε
+∇pε = 0 in R2h × R+, ∀t ≥ 0
div uε = 0 in R2h × R+, ∀t ≥ 0
uε|x3=0 = 0 on R2h
uε|t=0 = uε0, in R2h × R+ .
where e2 = (0, 1, 0) is the unit horizontal vector, ν > 0 the coefficient of viscosity of fluids and ε the Rossby
number. These equations describe the evolution of an incompressible three-dimensional viscous fluid in a
rotating frame, e2×u
ε
ε being the Coriolis force due to the rotation at high frequency ε
−1. According to
the Taylor-Proudman theorem [34], the fast rotation penalize the movement of the fluid in the direction of
the rotation axis. As a consequence, the fluid has tendency to move in columns, parallel to the rotation
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axis, which are widely known as the Taylor columns. This phenomenon is well-known in oceanography and
meteorology, which is observed in many large-scale atmospheric and oceanic flows. In mathematical point of
view, when ε goes to zero, the rotation term e2×u
ε
ε becomes large and can only be balanced by the pressure.
This means that, if u is the (formal) limit of uε, as ε → 0, then e2 × u need to be a gradient term, which
implies that u is independent of x2 (more explanations will be found in Section 2). In this paper, we will
consider the case where the initial data are well prepared, i.e. uε0 do not depend on x2.
When there is no Coriolis force, the zero-viscosity limit for the Navier-Stokes equations for incompressible
fluids in a domain with boundary, with non-slip boundary conditions, is a challenging problem due to the
formation of a boundary layer which is governed by the Prandtl equations ([29]). The mathematical analysis
theory of Prandtl equation is also a challenging problem, see [1, 8, 9, 12, 26] and references therein. Far
from the boundary, the inviscid limit problem was treated by several authors; we can refer, for instance, to
Swann [32] and Kato [20]. In another work, Kato [19] gives some equivalent formulations of this problem
in the case of bounded domains, showing that the convergence to the Euler system is equivalent to the
fact that the L2 strength of the boundary layer goes to 0. Caflisch & Sammartino [31] solved the problem
for analytic solutions on a half space by solving the Prandtl equations via abstract Cauchy-Kowaleskaya
theorem. We also refer to [13, 16, 23] and the references therein for the recent progress on the inviscid limit
of the Navier-Stokes equations when the initial vorticity is located away from the boundary. On the other
hand, another commonly used boundary conditions are Navier-type slip boundary conditions, in which case
the vanishing viscosity limit is rigorously justified; cf. [22, 36, 37, 38] and references therein.
We want to say a few words to compare the system (N-Sε) with the case where the rotation axis is
vertical with respect to the boundary (the rotation axis is in the direction of e3 = (0, 0, 1) instead of e2). If
the domain considered is between two parallel plates (T2 × [0, 1] or R2 × [0, 1]), it was proved in Grenier &
Masmoudi [15], Masmoudi [24, 25] and Chemin et al. [4] that for the rotating fluids with anisotropic viscosity
−ν∆h − ε∂2x3 , all the weak solutions of Navier-Stokes equation converge to the solution of the 2D Euler or
2D Navier-Stokes system (with damping term - effect of the Ekman pumping). The vertical rotation and the
specific form of the domain (between two parallel plates) permit to explicitly construct the boundary layer
velocity term from the interior velocity term (which satisfies a 2D damped Euler system), without using the
Prandtl equations. We also want to mention the work of Dalibard and Gérard-Varet [7] in the case of fast
rotating fluids on a rough domain with non-slip boundary conditions. The boundary layer is also proved
to be of size ε (contrary to the case of Prandtl equations where the boundary layer is of size
√
ε). We also
refer to a series of work for the rotating fluids with anisotopic viscosity (see for exemple [2], [3], [10], [11],
[14],[18], [27], [28]).
We want to emphasize that the formation of the boundary layers in the case of vertical rotation axis is
due to the incompatibility of the Dirichlet boundary conditions with the columnar movement of the limit
fluid (as ε → 0). Indeed, as the rotation axis is e3, the limiting velocity of the fluid is independent of x3,
and so, the Dirichlet boundary conditions imply that the limit velocity should be zero. This incompatibility
leads to the fact that a thin layer (Ekman’s layer) is formed near the boundary, and the fluid’s evolution is
violent in this small scale zone, in a way that stops the fluid on the boundary.
In the case of horizontal rotation axis (in the direction of e2), the incompatibility of boundary conditions
will be more complicated, because of the fact that the limit velocity is independent of x2 instead of x3. In
Section 2, we prove that the limit system is a 2D Euler-like system. This means that we are no longer in the
case considered by Ekman. The techniques of [15] and [4] do not work and we can not explicitly calculate
the boundary layer. The fast rotation only penalizes the fluid motion in the x2 direction, and leads to a
problem very close to the inviscid limit of two-dimensional Navier-Stokes system. It is then relevant to look
for a boundary layer of size
√
ε and we will show in Section 2 that in this boundary layer of size
√
ε, the
fluid velocity actually satisfies a two-dimensional Prandtl-like system. Finally, we remark that in this paper,
we only consider the case where ν = ε. Indeed, as explained in [15] and also in [5], if the ratio ν/ε goes to
infinity, the fluid rapidly stops after a few evolutions. It is then more interesting to consider the case where
ν . ε, which moreover better fits physical observations.
In this work, we study the formation of the boundary layer when ν = ε → 0. We suppose the existence
of a boundary layer of size
√
ε near the boundary {x3 = 0} of R3+. We will derive the limit equation and
the boundary layer equation by using a formal asymptotic expansion in the Section 2. We refer to the book
of Pedlovsky [30] for more detail about this formal expansion. To this end, we suppose that the solution of
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(N-Sε) accepts the following asymtotic expansion
(1.1)
(1.2)
uε(t, x1, x2, x3) =
1∑
j=0
ε
j
2
[
uI,j(t, x1, x2, x3) + u
B,j
(
t, x1, x2,
x3√
ε
)]
+ · · · ,
pε(t, x1, x2, x3) =
1∑
j=−2
ε
j
2 pI,j(t, x1, x2, x3) +
0∑
j=−2
ε
j
2 pB,j
(
t, x1, x2,
x3√
ε
)
+ · · · ,
where uB,j(t, x1, x2, y) and p
B,j(t, x1, x2, y) exponentially go to zero as y
def
= x3√
ε
→ +∞. The remaining
terms is supposed to be very small (at least of order 3).
Throughout this paper, we will always use ∂t, ∂i (or ∂xi), i = 1, 2, 3, and ∂y to respectively denote the
derivatives with respect to the time variable t, the space variables xi, i = 1, 2, 3, and the boundary layer
variable y = x3√
ε
. Using the above asymptotic expansion, we first deduce that the behavior of the fluid near
the boundary is governed by the following 2D Prandtl-like equation
(P1)


∂tUp,01 − ∂2yUp,01 + Up,01 ∂1Up,01 + Up,13 ∂yUp,01 + ∂1pB,0 + ∂1pI,0 = 0,
∂tUp,13 − ∂2yUp,13 + Up,01 ∂1Up,13 + Up,13 ∂yUp,13 + ∂3pI,1 + y∂23pI,0 = 0,
∂1Up,01 + ∂yUp,13 = 0,
Up,01 |y=0 = 0, limy→+∞U
p,0
1 (t, x1, y) = u
I,0
1 ,
Up,13 |y=0 = 0, ∂yUp,13 |y=0 = 0,
(Up,01 ,Up,13 )|t=0 = (Up,01,0 ,Up,13,0 ),
with the unknown functions
(
Up,01 ,Up,13 , pB,0
)
, and the horizontal second component satisfies a parabolic
type equation
(P2)


∂tUp,02 − ∂2yUp,02 + Up,01 ∂1Up,02 + Up,13 ∂yUp,02 = 0
Up,02 |y=0 = 0, limy→+∞U
p,0
2 (t, x1, y)
)
= uI,02
Up,02 |t=0 = Up,02,0 .
Here
∂2Up,01 = ∂2Up,02 = ∂2Up,13 = 0.
Here, we emphasize the “Prandtl-like” property of our system by using the new unknown functions
Up,0j = uB,0j + uI,0j , j = 1, 2
Up,13 = uB,13 + uI,13 + y∂3uI,03
where uI,j, pI,j, j = 1, 2 are the values on the boundary of the tangential velocity and pressure of the outflow
satisfying the Bernoulli-type law

∂tu
I,0
1 + u
I,0
1 ∂1u
I,0
1 + ∂1p
I,0 = 0
∂tu
I,0
2 + u
I,0
1 ∂1u
I,0
2 + ∂2p
I,0 = 0
∂tu
I,1
3 + u
I,0
1 ∂1u
I,1
3 + u
I,1
3 ∂3u
I,0
3 + ∂3p
I,1 = 0
which is the restriction of the Euler system and linearized Euler system on the boundary x3 = 0, so that
they depend only on the variavles (t, x1). More precise description will be found in Section 2.
Note that the boundary layer equation (P1) look very close to that of classical 2D Prandtl equation, but
the fast rotating produces the boundary layer pressure for the first components, so that the boundary layer
equation (P1) is now really a system of 3 equations with both the velocity (Up,01 ,Up,13 ) and the boundary
pressure pB,0 to determined. We remark that on one side, the first equation in (P1) admits the similar
structure of Prandtl equation, i.e., the degeneracy in x1 coupled with the nonlocal property arising from
the term Up,13 ∂yUp,01 , so that the system (P1) is quite similar to Prandtl equation. Therefore we can only
expect the local well-posedness for analytic initial data if no additional assumptions are imposed. On the
BOUNDARY LAYER ANALYSIS FOR THE FAST HORIZONTAL ROTATING FLUIDS 4
other hand, there is a crucial difference between Prandtl equation and the first equation in (P1), due to the
unknown pressure pB,0. Recall the pressure term in Prandtl equation is from outflow and can be defined by
the Bernoulli law, so that the pressure therein is a given function and therefore Prandtl equation is a kind
of degenerate parabolic equation. But here the situation is quite complicated since we have the unknown
pressure pB,0 in (P1), which arises because of the fast rotation parallel to the boundary, and can’t be defined
by the Bernoulli law anymore. So the classical theory for Prandtl equation is not applicable directly to our
case and moreover we can’t follow the same strategy as in Prandtl equation to treat the the first equation
in (P1). To overcome the difficulty due to the unknown pressure term in the first equation of (P1), we will
firstly solve the second equation for Up,13 , and then use the divergence-free property to find Up,01 (see Section
3 for detail). Finally we mention that the mathematical justification of the inviscid limit for solutions to
(N-Sε), is also complicated as classical Prandtl boundary layer theory. We only concentrate in this work on
the well-posedness of boundary layer and will investigate this inviscid limit problem in the future work.
On the other hand, we will prove in Section 2 that the limiting velocity of the outer flow satisfies a classical
2D Euler-type equation, which is,
(1.3)


∂tu
I,0
1 + u
I,0
1 ∂1u
I,0
1 + u
I,0
3 ∂3u
I,0
1 + ∂1p
I,0 = 0
∂tu
I,0
2 + u
I,0
1 ∂1u
I,0
2 + u
I,0
3 ∂3u
I,0
2 = 0
∂tu
I,0
3 + u
I,0
1 ∂1u
I,0
3 + u
I,0
3 ∂3u
I,0
3 + ∂3p
I,0 = 0
∂2u
I,0
1 = ∂2u
I,0
2 = ∂2u
I,0
3 = ∂2p
I,0 = 0
∂1u
I,0
1 + ∂3u
I,0
3 = 0
uI,03 |x3=0 = 0
uI,0|t=0 = uI,00 (x1, x3).
In the system (1.3), the components (uI,01 , u
I,0
3 , p
I,0) satisfy exactly a 2-D incompressible Euler equation
on the half-plane, so that the existence and regularity in Gevery class of local in time solution is well know,
(see Vicol [21] and references therein), but in the study of boundary layer equation, we need some weighted
on the tangential variables, we cite in particular the results of [6].
Definition 1.1. Let 12 < ℓ ≤ 1 be given. We denote by Aτ the space of analytic functions with analytic
radius τ > 0, which is consist of all functions f ∈ L2(R2+) such that∥∥f∥∥Aτ def= sup|α|≥0
τ |α|
|α|!
∥∥ 〈z〉ℓ ∂αz f∥∥L2(R2+) < +∞.
Theorem 1.2 ([6]). Suppose that the initial data uI,00 = (u
I,0
1,0, u
I,0
2,0, u
I,0
3,0) in (1.3) satisfies
uI,01,0, u
I,0
2,0, u
I,0
3,0 ∈ Aτ0
for some τ0 > 0, the divergence-free condition and the compatibility condition. Then Euler-type system (1.3)
admits a unique solution (uI,01 , u
I,0
2 , u
I,0
3 ) ∈ L∞ ([0, T ]; Aτ ) for some T > 0 and τ > 0.
The construction of the components (uI,01 , u
I,0
3 , p
I,0) is given in [6]. The construction of uI,02 is standard,
using the classical theory of transport equation.
Now we list several estimates, which are just immediate consequences of the definition of
∥∥ · ∥∥Aτ and
Sobolev inequalities. For uI,01 ∈ L∞ ([0, T ]; Aτ ) , we have, for all p, q ≥ 0,∥∥ 〈x1〉ℓ ∂p1∂q3uI,03 (x1, x3)∥∥L∞(R+; L2(Rx1)) ≤ C∥∥uI,03 ∥∥Aτ (p+ q + 3)!τp+q+3 .(1.4)
Using the equation
∂tu
I,0
1 + u
I,0
1 ∂1u
I,0
1 + u
I,0
3 ∂3u
I,0
1 + ∂1p
I,0 = 0,
we can calculate, by virtue of Leibniz formula,∥∥ 〈x1〉ℓ ∂t∂p1∂q3uI,03 ∥∥L∞(R+; L2(Rx1))(1.5)
≤ Cτ
(∥∥uI,01 ∥∥2Aτ + ∥∥uI,01 ∥∥Aτ∥∥uI,03 ∥∥Aτ + ∥∥pI,0∥∥Aτ
) 2p+q(p+ q)!
τp+q
.
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In order to completely give the solutions of the systems (P1) and (P2), we also need the following linearized
Euler system, which describes the evolution of the fluids in the interior part of the domain, far from the
boundary, at the order
√
ε.
(1.6)


∂tu
I,1
1 + u
I,0
1 ∂1u
I,1
1 + u
I,0
3 ∂3u
I,1
1 + u
I,1
1 ∂1u
I,0
1 + u
I,1
3 ∂3u
I,0
1 + ∂1p
I,1 = 0
∂tu
I,1
2 + u
I,0
1 ∂1u
I,1
2 + u
I,0
3 ∂3u
I,1
2 + u
I,1
1 ∂1u
I,0
2 + u
I,1
3 ∂3u
I,0
2 = 0
∂tu
I,1
3 + u
I,0
1 ∂1u
I,1
3 + u
I,0
3 ∂3u
I,1
3 + u
I,1
1 ∂1u
I,0
3 + u
I,1
3 ∂3u
I,0
3 + ∂3p
I,1 = 0
∂2u
I,1
1 = ∂2u
I,1
2 = ∂2u
I,1
3 = ∂2p
I,1 = 0
∂1u
I,1
1 + ∂3u
I,1
3 = 0
uI,13 |x3=0 = −uB,13 (t, x1, 0)
uI,1|t=0 = uI,10 (x1, x3).
For this linearized Euler system (1.6), we have
Theorem 1.3. Let ℓ > 1/2, τ0 > 0 and u
B,1
3 (t, x1, 0) a given function such that∑
m≤2
∥∥ 〈x1〉ℓ ∂m1 uB,13 (t, x1, 0)∥∥2L2(Rx1 ) +
∑
m≥3
[
τm−10
(m− 3)!
]2 ∥∥ 〈x1〉ℓ ∂m1 uB,13 (t, x1, 0)∥∥2L2(Rx1) < +∞.
Suppose that the initial data uI,10 = (u
I,1
1,0, u
I,1
2,0, u
I,1
3,0) in (1.6) satisfies the divergence-free condition, the
compatibility condition and
uI,11,0, u
I,1
2,0, u
I,1
3,0 ∈ Aτ0 .
Then the linearized Euler system (1.6) admits a unique solution (uI,11 , u
I,1
2 , u
I,1
3 ) ∈ L∞ ([0, T ]; Aτ ) for some
T > 0 and τ > 0.
We remark that, the compatibility condition ask
uI,13,0(x1, 0) = −uB,13,0 (x1, 0).
It is exactly the non-slip condition of (N-Sε) at order 1. Because of its linearity, treating the system (1.6)
is still much easier than treating the system (1.3), even with the presence of the given boundary function
uB,13 (t, x1, 0). So, to prove Theorem 1.3, we can simply follow the lines of the proof of Theorem 1.2 as in [6].
Before giving the well-posedness results on (P1) and (P2), we need the following weighted analytic function
spaces in tangential variable. We also remark that there is no coupling between (Up,01 ,Up,13 ) and Up,02 . Then,
the strategy consists in separately solving the systems (P1) and (P2).
Definition 1.4. Let 1/2 < ℓ ≤ 1 be given throughout the paper. With each pair (ρ, a) with ρ > 0 and a > 0
we associate a space Xρ,a of all functions u(x1, y) ∈ H∞(Rx1 ; H2(R+)) such that
∑
m≤2

 ∑
0≤j≤1
∥∥ 〈x1〉ℓ eay2∂m1 ∂jyu∥∥2L2(R2+)

+ ∑
m≥3

 ∑
0≤j≤1
[
ρm−1
(m− 3)!
]2 ∥∥ 〈x1〉ℓ eay2∂m1 ∂jyu∥∥2L2(R2+)

 < +∞,
where we use the convention 0! = 1. We endow Xρ,a with the norm
|u|2Xρ,a =
∑
m≤2

 ∑
0≤j≤1
∥∥ 〈x1〉ℓ eay2∂m1 ∂jyu∥∥2L2(R2+)

+ ∑
m≥3

 ∑
0≤j≤1
[
ρm−1
(m− 3)!
]2 ∥∥ 〈x1〉ℓ eay2∂m1 ∂jyu∥∥2L2(R2+)

 .
The well-posedness of the system (P1) can be stated as follows.
Theorem 1.5. Suppose that the initial data
Up,13,0 = uB,13,0 + uI,13,0 + y∂3uI,03,0
in (P1) satisfies that
uB,13,0 ∈ Xρ0,a0 , uI,13,0, uI,03,0 ∈ Aτ0
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for some a0 > 0, ρ0 > 0 and τ0 > 0 and
Up,01,0 (x1, y) = −
∫ x1
−∞
∂yu
B,1
3,0 (z, y)dz + u
I,0
1,0(x1).
Then there exist T > 0, τ > 0 and a pair (ρ, a) with ρ, a > 0, such that the system (P1) admits a unique
solution (Up,01 ,Up,13 , ∂1pB,0), and moreover
Up,13 = uB,13 + uI,13 + y∂3uI,03
Up,01 (t, x1, y) = −
∫ x1
−∞
∂yu
B,1
3 (t, z, y)dz + u
I,0
1 (t, x1),
with uB,13 ∈ L∞ ([0, T ]; Xρ,a) and uI,01 , uI,03 , uI,13 ∈ L∞ ([0, T ]; Aτ ) .
Remark 1.6. (i) Here we consider the well prepared initial data, that is the initial data are independent
of x2.
(ii) We want to remark that once we find Up,13 , we can obtain Up,01 using the divergence-free property in the
third equation of the system (P1).
Let Up,01 ,Up,13 be the solutions to the system (P1) given by the theorem above. Then we see (P2) is a
linear parabolic equation, and we have the following theorem concerned with its well-posedness.
Theorem 1.7. Let ρ0 > 0, a0 > 0, τ0 > 0 be given. For any initial data
Up,02,0 = uB,02,0 + uI,02,0
where uB,02,0 ∈ Xρ0,a0 and uI,02,0 ∈ Aτ0 , there exist T > 0, 0 < τ < τ0 and 0 < a < a0, such that the equation
(P2) admits a unique solution Up,02 satisfying Up,02 = uB,02 + uI,02 with
uB,02 ∈ L∞ ([0, T ], Xρ0,a) , uI,02 ∈ L∞ ([0, T ],Aτ) .
By the two theorems above we obtain the well-posedness for the boundary layer equation of the system
(N-Sε) in the frame of analytic space in tangential variable.
The paper is organized as follows. In section 2, we formally derive the governing equations of the outer
flow inside the domain and the systems (P1) and (P2) which describe the fluid motion inside the boundary
layer. The sections 3-4 are devoted to proving the well-posedness of the system (P1). Finally, we give some
brief ideas of the proof of Theorem 1.7 for the well-posedness of equation (P2) in the section 5.
2. Formal asymtotic expansion
First of all, we want to give a few words to explain our special choice of the order of the expansions of
the velocity and the pressure. Indeed, we remark that as for the formulation of Prandtl boundary layer
equations, we are only interested in the leading orders which are necessary to allow us to formally obtain
the governing equations of the evolution of the boundary layer. By using the asymptotic expansions (1.1)
and (1.2), we have the following asymptotic identities for the leading terms up to order ε1/2 and all the
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remaining terms are of higher order in ε.
(2.1)


∂tu
ε =
1∑
j=0
ε
j
2
(
∂tu
I,j + ∂tu
B,j
)
+ · · ·
−ε∆uε = −∂2yuB,0 − ε
1
2 ∂2yu
B,1 −
1∑
j=0
ε1+
j
2
(
∆uI,j +∆hu
B,j
)
+ · · ·
uε · ∇uε =
1∑
j=0
ε
j−1
2
[
j∑
k=0
(
uB,k3 + u
I,k
3
)
∂yu
B,j−k
]
+
1∑
j=0
ε
j
2
[
j∑
k=0
(
uB,kh + u
I,k
h
)
· ∇huB,j−k
]
+
1∑
j=0
ε
j
2
[
j∑
k=0
(
uB,k + uI,k
) · ∇uI,j−k
]
+ · · ·
e2 × uε
ε
=
1∑
j=0
ε
j
2−1



 uB,j30
−uB,j1

+

 uI,j30
−uI,j1



+ · · ·
∇pε = ε− 32

 00
∂yp
B,−1

+ −1∑
j=−2
εj

 ∂1pB,j∂2pB,j
∂yp
B,j+1

+

∂1pB,0∂2pB,0
0

 + 1∑
j=−2
ε
j
2∇pI,j + · · · .
2.1. Formal derivation of the fluid behavior far from the boundary. We put all the asymptotic
identities (2.1) into the system (N-Sε) and we deduce that
(2.2)
1∑
j=0
ε
j
2 ∂tu
I,j −
1∑
j=0
ε1+
j
2∆uI,j +
1∑
j=0
ε
j
2
j∑
k=0
uI,k · ∇uI,j−k +
1∑
j=0
ε
j
2−1

 uI,j30
−uI,j1

+ 1∑
j=−2
ε
j
2∇pI,j = 0(ε).
Taking the limit y = x3√
ε
→ +∞ (ε→ 0), the divergence-free property writes
(2.3) div uI,j = 0, ∀ j ≥ 0.
At the leading term of ε−1 in (2.2), we simply have
(2.4)

 uI,030
−uI,01

+

∂1pI,−2∂2pI,−2
∂3p
I,−2

 = 0.
Then, classical calculations (see Grenier-Masmoudi [15] or Chemin et al. [5]) give
(2.5) ∂2p
I,−2 = ∂2u
I,0
1 = ∂2u
I,0
2 = ∂2u
I,0
3 = 0.
At the order ε−1/2 in (2.2), we have
(2.6)

 uI,130
−uI,11

+

∂1pI,−1∂2pI,−1
∂3p
I,−1

 = 0,
which imply
(2.7) ∂2p
I,−1 = ∂2u
I,1
1 = ∂2u
I,1
2 = ∂2u
I,1
3 = 0.
Remark 2.1. Identities (2.5) and (2.7) mean that the limit behaviour of the outer flow is two-dimensional,
as predicts the Taylor-Proudman theorem.
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At the order ε0 in (2.2), taking into account (2.5) and the divergence-free condition (2.3), we obtain
(2.8)


∂tu
I,0
1 + u
I,0
1 ∂1u
I,0
1 + u
I,0
3 ∂3u
I,0
1 + ∂1p
I,0 = 0
∂tu
I,0
2 + u
I,0
1 ∂1u
I,0
2 + u
I,0
3 ∂3u
I,0
2 + ∂2p
I,0 = 0
∂tu
I,0
3 + u
I,0
1 ∂1u
I,0
3 + u
I,0
3 ∂3u
I,0
3 + ∂3p
I,0 = 0
∂2u
I,0
1 = ∂2u
I,0
2 = ∂2u
I,0
3 = 0
∂1u
I,0
1 + ∂3u
I,0
3 = 0
Now, by applying ∂2 to the second equation of the system (2.8), we obtain
∂22p
I,0 = 0,
which means that there exist g1(x1, x3) and g2(x1, x3) such that
pI,0 = x2g1 + g2.
Now, differentiating the first and third equations of (2.8) with respect to x2, we obtain
∂1g1 = ∂3g1 = 0.
By taking |x| → +∞ in the second equation of (2.8), we conclude that g1 ≡ 0. Thus, the system (2.8)
becomes the following 2D Euler-type system with three components in the half-plane, which is the formal
limiting system of (N-Sε) far from the boundary as ε→ 0

∂tu
I,0
1 + u
I,0
1 ∂1u
I,0
1 + u
I,0
3 ∂3u
I,0
1 + ∂1p
I,0 = 0
∂tu
I,0
2 + u
I,0
1 ∂1u
I,0
2 + u
I,0
3 ∂3u
I,0
2 = 0
∂tu
I,0
3 + u
I,0
1 ∂1u
I,0
3 + u
I,0
3 ∂3u
I,0
3 + ∂3p
I,0 = 0
∂2u
I,0
1 = ∂2u
I,0
2 = ∂2u
I,0
3 = ∂2p
I,0 = 0
∂1u
I,0
1 + ∂3u
I,0
3 = 0
uI,03 |x3=0 = 0.
Since this system is independent of x2, for the compatibility, we need to impose the well prepared initial
data, which means that
uI,0(0, x1, x3) = u
I,0
0 (x1, x3).
The boundary condition will be discussed in (2.17).
The system (1.3) will be completed with a boundary condition for the second component uI,02 . In fact, the
trace function uI,02 (t, x1) on the boundary {x3 = 0} satisfies the following system

∂tu
I,0
2 + u
I,0
1 ∂1u
I,0
2 = 0
uI,02 (0, x1) = u
I,0
0,2(x1, 0).
At the order ε1/2 in (2.2), using (2.7) and the divergence-free condition (2.3), we obtain the system

∂tu
I,1
1 + u
I,0
1 ∂1u
I,1
1 + u
I,0
3 ∂3u
I,1
1 + u
I,1
1 ∂1u
I,0
1 + u
I,1
3 ∂3u
I,0
1 + ∂1p
I,1 = 0
∂tu
I,1
2 + u
I,0
1 ∂1u
I,1
2 + u
I,0
3 ∂3u
I,1
2 + u
I,1
1 ∂1u
I,0
2 + u
I,1
3 ∂3u
I,0
2 + ∂2p
I,1 = 0
∂tu
I,1
3 + u
I,0
1 ∂1u
I,1
3 + u
I,0
3 ∂3u
I,1
3 + u
I,1
1 ∂1u
I,0
3 + u
I,1
3 ∂3u
I,0
3 + ∂3p
I,1 = 0
∂2u
I,1
1 = ∂2u
I,1
2 = ∂2u
I,1
3 = ∂2p
I,1 = 0
∂1u
I,1
1 + ∂3u
I,1
3 = 0
We also remark that we can not obtain any determined boundary condition for uI,1, but only a condition
depending on the boundary condition of uB,1. Indeed, on the boundary, we recall the value of uI,ji is related
to the value of uB,ji by the equation
uI,ji (t, x1, 0) + u
B,j
i (t, x1, 0) = 0 j = 0, 1; i = 1, 2, 3.
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Using the same argument, we can prove that ∂2p
I,1 = 0, and we obtain the following 2D linearized
Euler-type system with three components in the half-plane

∂tu
I,1
1 + u
I,0
1 ∂1u
I,1
1 + u
I,0
3 ∂3u
I,1
1 + u
I,1
1 ∂1u
I,0
1 + u
I,1
3 ∂3u
I,0
1 + ∂1p
I,1 = 0
∂tu
I,1
2 + u
I,0
1 ∂1u
I,1
2 + u
I,0
3 ∂3u
I,1
2 + u
I,1
1 ∂1u
I,0
2 + u
I,1
3 ∂3u
I,0
2 = 0
∂tu
I,1
3 + u
I,0
1 ∂1u
I,1
3 + u
I,0
3 ∂3u
I,1
3 + u
I,1
1 ∂1u
I,0
3 + u
I,1
3 ∂3u
I,0
3 + ∂3p
I,1 = 0
∂2u
I,1
1 = ∂2u
I,1
2 = ∂2u
I,1
3 = ∂2p
I,1 = 0
∂1u
I,1
1 + ∂3u
I,1
3 = 0
uI,13 (t, x1, 0) = −uB,13 (t, x1, 0)
uI,1(0, x1, x3) = u
I,1
0 (x1, x3).
Here, we also suppose that the initial data are well prepared, i.e. independent of x2.
2.2. Formal asymptotic expansions inside the boundary layer. Inside the boundary layer (in the
domain 0 < x3 ≤
√
ε), we consider the Taylor expansions
uI,ji (t, xh, x3) = u
I,j
i (t, xh, 0) + x3∂3u
I,j
i (t, xh, 0) +
x23
2
∂23u
I,j
i (t, xh, 0) + . . .
pI,j(t, xh, x3) = p
I,j(t, xh, 0) + x3∂3p
I,j(t, xh, 0) +
x23
2
∂23p
I,j(t, xh, 0) + . . .
Performing the change of variable y = x3√
ε
, we have
(2.9)


uI,ji (t, xh, x3) = u
I,j
i + ε
1
2 y∂3u
I,j
i +
εy2
2!
∂23u
I,j
i + · · ·
pI,j(t, xh, x3) = pI,j + ε
1
2 y∂3pI,j +
εy2
2!
∂23p
I,j + · · ·
where f = f(t, x1, x2, 0) is the trace of f on {x3 = 0}. Now, we will rewrite the identities (2.1), taking into
account the expansion (2.9). First, we have
(2.10) uε =
(
uB,0 + uI,0
)
+ ε
1
2
(
uB,1 + uI,1 + y∂3uI,0
)
+
3∑
k=2
ε
k
2
(
yk−1
(k − 1)!∂
k−1
3 u
I,1 +
yk
k!
∂k3u
I,0
)
+ · · ·
= Up,0 + ε 12Up,1 +
3∑
k=2
ε
k
2
(
yk−1
(k − 1)!∂
k−1
3 u
I,1 +
yk
k!
∂k3u
I,0
)
+ · · · .
where we note
(2.11) Up,0 = uB,0 + uI,0, Up,1 = uB,1 + uI,1 + y∂3uI,0.
The derivatives of uε with respect to tangential variables write
∂mt,1,2u
ε = ∂mt,1,2Up,0 + ε
1
2 ∂mt,1,2Up,1 +
3∑
k=2
ε
k
2 ∂mt,1,2
(
yk−1
(k − 1)!∂
k−1
3 u
I,1 +
yk
k!
∂k3u
I,0
)
+ · · · .
where m = 1, 2. For the normal variable, we have
∂3u
ε = ε−
1
2 ∂yu
B,0 +
(
∂yu
B,1 + ∂3uI,0
)
+
3∑
k=1
ε
k
2
(
yk−1
(k − 1)!∂
k
3u
I,1 +
yk
k!
∂k+13 u
I,0
)
+ · · ·
and
∂23u
ε = ε−1∂2yu
B,0 + ε−
1
2 ∂2yu
B,1 + ∂23u
I,0 +
3∑
k=1
ε
k
2
(
yk−1
(k − 1)!∂
k+1
3 u
I,1 +
yk
k!
∂k+23 u
I,0
)
+ · · · .
Thus,
−ε∆uε = −ε∆hUp,0 − ε 32∆hUp,1 − ∂2yUp,0 − ε
1
2 ∂2yUp,1 − ε∂23uI,0
− ε 32
(
yk−1
(k − 1)!∂
k+1
3 u
I,1 +
yk
k!
∂k+23 u
I,0
)
+ · · · .
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For the non-linear term, we only give the explicit calculations for the first orders of its expansion. We
write
uε · ∇uε = uεh · ∇huε + uε3∂3uε.
Then, we have
uεh · ∇huε = Up,0h · ∇hUp,0h + ε
1
2Up,0h · ∇hUp,1 + ε
1
2Up,1h · ∇hUp,0h + · · ·
uε3∂3u
ε = Up,13 ∂yUp,0h + ε
1
2Up,13 ∂yUp,1 + ε
1
2
(
y∂3u
I,1
3 +
y2
2
∂23u
I,0
3
)
∂yUp,0h + · · · .
For the Coriolis forcing term (the rotation term), we have
e2 × uε
ε
= ε−1

 00
−Up,01

+ ε− 12

 Up,130
−Up,11

+ 3∑
k=2
ε
k
2−1

 yk−1
(k − 1)!

 ∂
k−1
3 u
I,1
3
0
−∂k−13 uI,11

+ yk
k!

 ∂
k
3u
I,0
3
0
−∂k3uI,01



+ · · · .
Finally, the pressure term is
(2.12)

∂x1pε∂x2pε
∂x3p
ε

 = ε− 32

 00
∂yPp,−2

+ −1∑
j=−2
ε
j
2

 ∂1Pp,j∂2Pp,j
∂yPp,j+1

+



∂1Pp,0∂2Pp,0
0

+ 2∑
k=0
yk
k!

 00
∂k+13 p
I,−k




+ ε
1
2
1∑
j=−2
y1−j
(1− j)!

∂1∂
1−j
3 p
I,j
∂2∂
1−j
3 p
I,j
∂2−j3 pI,j

+ · · · .
where
(2.13)
(2.14)
Pp,−2 = pB,−2 + pI,−2, Pp,−1 = pB,−1 + pI,−1 + y∂3pI,−2
Pp,0 = pB,0 + pI,0 + y∂3pI,−1 + y
2
∂3pI,−2.
2.3. Incompressibility and boundary conditions. The divergence-free property of the velocity field is
rewritten as follows
0 = div uε = ε−
1
2 ∂yu
B,0
3
(
t, xh,
x3√
ε
)
+
[
div uI,0 + ∂1u
B,0
1 + ∂2u
B,0
2 + ∂yu
B,1
3
(
t, xh,
x3√
ε
)]
+ ε
1
2
[
div uI,1 + ∂1u
B,1
1 + ∂2u
B,1
2
]
+ · · · .
Inside the boundary layer, using the expansion (2.3) and (2.9), we deduce the following divergence-free
condition
ε−
1
2 ∂yu
B,0
3 +
(
∂1u
B,0
1 + ∂2u
B,0
2 + ∂yu
B,1
3
)
+ ε
1
2
(
∂1u
B,1
1 + ∂2u
B,1
2
)
= 0.
Thus, we obtain the incompressibility of the boundary layer
(2.15) ∂1u
B,0
1 + ∂2u
B,0
2 + ∂yu
B,1
3 = 0,
∂1u
B,1
1 + ∂2u
B,1
2 = 0.
Moreover, we have
∂yu
B,0
3 = 0,
which, by taking y → +∞, gives
uB,03 = 0.
For the boundary condition in (N-Sε) on {x3 = 0}, we have
1∑
j=0
ε
j
2
[
uI,j(t, xh, 0) + u
B,j(t, xh, 0)
]
= 0,
which implies that
uI,0(t) + uB,0(t, xh, 0) = 0,
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(2.16) uI,1(t) + uB,1(t, xh, 0) = 0.
In particular, uB,03 = 0 imply
(2.17) uI,03 |x3=0 = uI,03 = 0,
which is the boundary condition for Euler equation in (1.3), and the third components in (2.16) gives the
boundary condtion of linearized Euler equation in (1.6).
2.4. Formal derivation of the governing equations of the fluid in the boundary layer. Now, we
consider the system (N-Sε) near {x3 = 0}, using the asymptotic formal (2.10) - (2.12).
At the order ε−
3
2 , we have
∂yp
B,−2 = 0,
which implies that pB,−2 = 0 because pB,−2 goes to zero as y → +∞. Using the new notation of the pressure
defined in (2.13), we get
∂yPp,−2 = 0.
At the order ε−1, using the fact that uI,03 = 0, u
B,0
3 = 0 and p
B,−2 = 0, we get
 00
−uB,01

+

 00
−uI,01

+

 00
∂yp
B,−1

+∇pI,−2 = 0,
which implies that ∂1pI,−1 = ∂2pI,−1 = 0 and
(2.18) −uB,01 − uI,01 + ∂ypB,−1 + ∂3pI,−2 = 0.
Using the new velocity and pressure defined in (2.13) and taking into account the fact that Up,03 = 0, we can
also write
(2.19)

 00
−Up,01

+

∂1Pp,−2∂2Pp,−2
∂yPp,−1

 = 0.
At the order ε−1/2, we have
 uB,130
−uB,11

+

 u
I,1
3
0
−uI,11

 + y

 ∂3u
I,0
3
0
−∂3uI,01

+

∂1pB,−1∂2pB,−1
∂yp
B,0

+

∂1pI,−1∂2pI,−1
∂3pI,−1

+ y

∂1∂3p
I,−2
∂2∂3pI,−2
∂23p
I,−2

 = 0,
or in a equivalent way, using the new velocity and pressure defined in (2.14),
(2.20)

 Up,130
−Up,11

+

∂1Pp,−1∂2Pp,−1
∂yPp,0

 = 0.
then
∂2Pp,−1 = 0.
and
∂2Up,01 = ∂2∂yPp,−1 = ∂y∂2Pp,−1 = 0
∂2Up,13 = −∂2∂1Pp,−1 = −∂1∂2Pp,−1 = 0.
Using the divergence-free properties (2.3) and (2.15), we also have
∂2Up,02 = −∂1Up,01 − ∂yUp,13 = −∂1∂yPp,−1 −
(−∂y∂1Pp,−1) = 0.
We deduce that (Up,01 ,Up,02 ,Up,13 ) is a divergence-free vector field which is independent on x2. The fact that
∂2u
I,0 = ∂2u
I,1 = 0 implies that
(2.21) ∂2u
B,0
1 = ∂2u
B,0
2 = ∂2u
B,1
3 = 0.
Remark 2.2. The leading order of the velocity of the fluid inside the boundary layer also obeys the Taylor-
Proudman theorem.
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At the order ε0, recalling that uB,03 = u
I,0
3 = 0, we get the following equation
∂t
(
uB,0h + u
I,0
h
)
− ∂2yuB,0h +
(
uB,0h + u
I,0
h
)
· ∇h
(
uB,0h + u
I,0
h
)
+
(
uB,13 + u
I,1
3 + y∂3u
I,0
3
)
∂yu
B,0
h
+ y

 ∂3u
I,1
3
0
−∂3uI,11

+ y2
2

 ∂
2
3u
I,0
3
0
−∂23uI,01

+

∂1pB,0∂2pB,0
0

+

∂1pI,0∂2pI,0
∂3pI,0

+ y

∂1∂3p
I,−1
∂2∂3pI,−1
∂23p
I,−1

+ y2
2

∂1∂
2
3p
I,−2
∂2∂23p
I,−2
∂33p
I,−2

 = 0.
From (2.4) and (2.6), we deduce that
−y∂3uI,11 −
y2
2
∂23u
I,0
1 + y∂
2
3p
I,−1 +
y2
2
∂33p
I,−2 = 0.
We also remark that the boundary condition applying to the third equation of the Euler system implies that
∂3pI,0 = 0.
Then, using the new velocity and pressure defined in (2.11) and (2.13), we get
∂tUp,0h − ∂2yUp,0h + Up,0h · ∇hUp,0h + Up,13 ∂yUp,0h +
(
∂1p
B,0 + ∂1pI,0
∂2Pp,0
)
= 0.
Taking into account the divergence-free condition (2.15), the identities (2.18) and (2.19), and (Up,01 ,Up,02 ,Up,13 )
is independs on x2, we deduce that (Up,01 ,Up,02 ,Up,13 ) satisfies the following system

∂tUp,01 − ∂2yUp,01 + Up,01 ∂1Up,01 + Up,13 ∂yUp,01 + ∂1pB,0 + ∂1pI,0 = 0
∂tUp,02 − ∂2yUp,02 + Up,01 ∂1Up,02 + Up,13 ∂yUp,02 + ∂2Pp,0 = 0
∂1Up,01 + ∂yUp,13 = 0,
∂2Up,01 = ∂2Up,02 = ∂2Up,13 = 0.
We remark that the above system is not complete, since we need another equation for the component Up,13 .
At the order ε1/2, we have
∂tUp,1 − ∂2yUp,1 + Up,0h · ∇hUp,1 + Up,1h · ∇hUp,0h + Up,13 ∂yUp,1 +
(
y∂3u
I,1
3 +
y2
2
∂23u
I,0
3
)
∂yUp,0h
+

y2
2

 ∂
2
3u
I,1
3
0
−∂23uI,11

+ y3
6

 ∂
3
3u
I,0
3
0
−∂33uI,01



+ 3∑
k=0
yk
k!

∂1∂
k
3 p
I,1−k
∂2∂k3 p
I,1−k
∂k+13 p
I,1−k

 = 0.
Here, we are only interested in the component Up,13 . Using the fact that ∂2Up,13 = 0, we obtain
∂tUp,13 − ∂2yUp,13 + Up,01 ∂1Up,13 + Up,13 ∂yUp,13 + ∂3pI,1 + y∂23pI,0 = 0.
Collect all the above formal calculations, we deduce the following governing equations of the boundary
layer
(P1)


∂tUp,01 − ∂2yUp,01 + Up,01 ∂1Up,01 + Up,13 ∂yUp,01 + ∂1pB,0 + ∂1pI,0 = 0
∂tUp,13 − ∂2yUp,13 + Up,01 ∂1Up,13 + Up,13 ∂yUp,13 + ∂3pI,1 + y∂23pI,0 = 0
∂1Up,01 + ∂yUp,13 = 0
∂2Up,01 = ∂2Up,13 = 0
Up,01 (t, x1, 0) = 0, limy→+∞U
p,0
1 (t, x1, y) = u
I,0
1 (x1)
Up,13 (t, x1, 0) = 0, ∂yUp,13 (t, x1, 0) = 0
Up,01 (0, x1, y) = uB,00,1 (x1, y) + uI,00,1(x1)
Up,13 (0, x1, y) = uB,10,3 (x1, y) + uI,10,3(x1) + y∂3uI,00,3(x1).
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and
(P2)


∂tUp,02 − ∂2yUp,02 + Up,01 ∂1Up,02 + Up,13 ∂yUp,02 + ∂2Pp,0 = 0
Up,02 (0, x1, y) = uB,00,2 (x1, y) + uI,00,2(x1)
Up,02 (t, x1, 0) = 0, limy→+∞U
p,0
2 (t, x1, y) = u
I,0
2 (x1)
Up,02 (0, x1, y) = uB,00,2 (x1, y) + uI,00,2(x1).
Claim: The pressure term of the (P2) satisfies ∂2Pp,0 = 0.
Indeed, applying ∂2 to the first equation of the systems (P1) and (P2), and using the fact that
∂2Up,01 = ∂2Up,02 = ∂2Up,13 = 0,
we deduce that
∂1∂2Pp,0 = ∂22Pp,0 = 0.
This means that, modulo a contant, we have
Pp,0 = x2G1(t, y) +
∫ x1
−∞
f˜(t, x, y)dx,
where
G1 = −
(
∂tUp,02 − ∂2yUp,02 + Up,01 ∂1Up,02 + Up,13 ∂yUp,02
)
is to be determined and
f˜ = ∂1Pp,0 = −∂tUp,01 + ∂2yUp,01 − Up,01 ∂1Up,01 − Up,13 ∂yUp,01 −
(
y2
2
∂23u
I,0
3 + y∂3u
I,1
3
)
.
We recall that, from (2.20), we have
∂yPp,0 = Up,11 ,
where Up,11 is the solution of the system

∂tUp,11 − ∂2yUp,11 + Up,01 · ∂1Up,11 + Up,02 · ∂2Up,11 + Up,13 ∂yUp,11 + Up,11 ∂1Up,01
+
(
y∂3u
I,1
3 +
y2
2
∂23u
I,0
3
)
∂yUp,01 +
[
y2
2
∂23u
I,1
3 +
y3
6
∂33u
I,0
3
]
+
3∑
k=0
yk
k!
∂1∂k3p
I,1−k = 0
Up,11 (0, x1, x2, y) = uB,10,1 (x1, y) + uI,10,1(x1) + y∂3uI,00,1(x1) + α1(y)x2
Up,11 (t, x1, 0) = 0.
We remark that ∂yG1(t, y) = ∂2Up,11 and we recall that ∂1∂2Up,11 = ∂22Up,11 . So, in fact, we will find ∂yG1 by
solving the following system
(2.22)


∂t(∂yG1)− ∂2y(∂yG1) + (∂1Up,01 )(∂yG1) + Up,13 ∂y(∂yG1) = 0
∂yG1(0, y) = α1(y)
∂yG1(t, 0) = 0.
where α1 is a given function, with α1(0) = 0. For the case of well prepared data, we consider the initial
data to be independent of x2, so α1 ≡ 0 and it is easy to see that the system (2.22) admits 0 as a trivial
solution. Then, the uniqueness of this solution implies ∂yG1(t, .) ≡ 0. Replacing y = 0 in (2.22), we obtain
G1(t, 0) = 0, and so G1(t, .) ≡ 0, for any t ∈ R+.
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3. Well-posedness of the boundary layer system
In this section we will prove the well-posedness for system (P1). Since the pressure term in the first
equation of (P1) is unknown, we begin with handling the second one to prove the existence of Up,13 and then
use the divergence-free property to find Up,01 . To do so we insert the representations
Up,01 = uB,01 + uI,01 , Up,13 = uB,13 + uI,13 + y∂3uI,03
into the second equation of (P1), and then make use of the equations (1.3) and (1.6) of uI,03 and u
I,1
3 . It
then follows that the unknowns uB,13 , u
B,0
1 and u
I,1
3 satisfy the equation(
∂t − ∂2y + ∂3uI,03 y∂y
)
uB,13 +
(
uB,01 + u
I,0
1
)
∂1u
B,1
3
+
(
uB,13 + u
I,1
3
)
∂yu
B,1
3 + ∂3u
I,0
3 u
B,1
3 +
(
−∂1uI,13 + y∂1∂3uI,03
)
uB,01 = 0,
and the divergence-free properties (2.15) and (2.21) yield
uB,01 = −
∫ x1
−∞
∂yu
B,1
3 (t, z, y)dz.
Thus the above is just a equation for uB,13 . To solve the system (P1), we consider the following nonlinear
initial-boundary problem,
(3.1)


(
∂t − ∂2y + ∂3uI,03 y∂y
)
u+
(
v + uI,01
)
∂1u
+ (u− u(t, x1, 0)) ∂yu+ ∂3uI,03 u+
(
∂1u(t, x1, 0) + y∂1∂3u
I,0
3
)
v = 0,
∂yu|y=0 = −∂3uI,03 (t, x1), limy→+∞u(t, x1, y) = 0,
u|t=0 = u0(x1, y),
where the unknown functions u and v are linked by the relation
v(t, x1, y) = −
∫ x1
−∞
∂yu(t, z, y)dz.(3.2)
Recall the functions uI,01 , u
I,0
3 are the solutions to the Euler-type system (1.3). By Theorem 1.2, we see
uI,01 , u
I,0
3 ∈ Aτ for some τ > 0.
The main result of this section can be stated as follows.
Theorem 3.1. Suppose the initial data u0 ∈ Xρ0,a0 for some ρ0 > 0 and a0 > 0 and satisfies the compatibility
conditions. Then the system (3.1) admits a unique solution
u ∈ L∞ ([0, T∗];Xρ∗,a)
for some ρ∗ > 0, a > 0 and T∗ > 0.
We now proceed the proof of the theorem 3.1 through the following parabolic approximations.
The approximate solutions. Consider the following regularized system, for ε > 0,
(3.3)


(
∂t − ε∂21 − ∂2y + ∂3uI,03 y∂y
)
uε +
(
vε + uI,01
)
∂1u
ε
+ (uε − uε(t, x1, 0)) ∂yuε + ∂3uI,03 uε +
(
∂1u(t, x1, 0) + y∂1∂3u
I,0
3
)
v = 0,
∂yu
ε(t, x1, 0) = ∂1u
I,0
1 (t, x1), limy→+∞u
ε(t, x1, y) = 0,
uε|t=0 = u0(x1, y).
The above is a nonlinear parabolic equation, and from classical theory we can deduce the following local
well-posedness result.
Theorem 3.2. Suppose the initial data u0 ∈ X2ρ0,a0 for some ρ0 > 0, a0 > 0 and satisfies the compatibility
conditions. Then the system (3.3) admits a unique solution
uε ∈ L∞ ([0, Tε];Xρ0,a)
for some 0 < a < a0 independent of ε and Tε > 0 depends on ε .
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Uniform estimates for the approximate solutions. We will perform the uniform estimate with respect
to ε for the approximate solutions uε given in the previous Theorem. The main result here can be stated as
follows.
Proposition 3.3. Suppose uε ∈ L∞ ([0, Tε];Xρ0,a) is a solution to the initial-boundary problem (3.3). Then
there exists 0 < ρ∗ ≤ ρ0, depending only on |u0|Xρ0,a0 , such that u
ε ∈ L∞ ([0, Tε];Xρ∗,a) for all ε > 0.
Moreover ∥∥uε∥∥
L∞([0,Tε];Xρ∗,a)
≤ C |u0|Xρ0,a0 ,(3.4)
where C is a constant depending only on a0, ρ0, τ,
∥∥uI,03 ∥∥Aτ and ∥∥uI,01 ∥∥Aτ , but independent of ε.
To prove the above proposition, we need another two auxiliary norms |·|Yρ,a and |·|Zρ,a which are defined
by
|u|2Yρ,a =
∑
m≤2

 ∑
0≤j≤1
∥∥ 〈x1〉ℓ eay2∂m1 ∂jyu∥∥L2(R2+)


2
+
∑
m≥3

 ∑
0≤j≤1
(m− 1)1/2ρ−1/2 ρ
m−1
(m− 3)!
∥∥ 〈x1〉ℓ eay2∂m1 ∂jyu∥∥L2(R2+)


2
,
(3.5)
and
|u|2Zρ,a =
∑
m≤2

 ∑
1≤j≤2
∥∥ 〈x1〉ℓ eay2∂m1 ∂jyu∥∥L2(R2+)


2
+
∑
m≥3

 ∑
1≤j≤2
ρm−1
(m− 3)!
∥∥ 〈x1〉ℓ eay2∂m1 ∂jyu∥∥L2(R2+)


2
.
The following energy estimate is a key part to prove Proposition 3.3.
Proposition 3.4. Let uε ∈ L∞ ([0, Tε];Xρ0,a) be a solution to the initial-boundary problem (3.3) and 0 <
ρ(t) ≤ min {ρ0/2, τ/3} a smooth function. Then for any t ∈ [0, Tε],
|uε(t)|2Xρ(t),a +
∫ Tε
0
|uε(t)|2Zρ(t),a dt−
∫ T
0
ρ′(t) |uε(t)|2Yρ(t),a dt
≤ |u0|2Xρ0,a0 + C
∫ Tε
0
(
|ρ′(t)| ρ(t)−2 |uε(t)|Xρ(t),a + |uε(t)|
2
Xρ(t),a
+ |uε(t)|4Xρ(t),a
)
dt
+ C
∫ Tε
0
|uε(t)|Zρ(t),a |uε(t)|
2
Yρ(t),a
dt .
(3.6)
The proof of the proposition above is postponed to the next section, and we now use it to prove Proposition
3.3.
Proof of Proposition 3.3. To simplify the notations we will use C in the following discussion to denote
different suitable constants, which depend only on a0, ρ0, τ,
∥∥uI,03 ∥∥Aτ and ∥∥uI,01 ∥∥Aτ , but independent of ε.
Let ρε be the solution to the differential equation:
(3.7)
{
ρ′ε(t) = − |uε(t)|Zρε(t),a ,
ρ|t=0 = min {ρ0/2, τ/3} ,
or equivalently
ρε(t) = min {ρ0/2, τ/3} −
∫ t
0
|uε(s)|Zρε(s),a ds.(3.8)
Observe, for any 0 < ρ, ρ˜ ≤ ρ0/2, we have∣∣∣|uε|Zρ,a − |uε|Zρ˜,a
∣∣∣ ≤ C |uε|Zρ0,a |ρ− ρ˜| ,
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which along with Cauchy-Lipschitz Theorem gives the existence of ρε to equation (3.7). Now choosing
ρ(t) = ρε(t) in (3.6) and observing (3.7), we can rewrite (3.6) as
|uε(t)|2Xρε,a +
∫ Tε
0
|uε(t)|2Zρε,a dt
≤ |u0|2Xρ0,a0 + C
∫ Tε
0
(
|ρ′ε(t)| ρ−2ε |uε|Xρ,a + |uε|
2
Xρε,a
+ |uε|4Xρε,a
)
dt.
Thus, using (3.7),
|uε(t)|2Xρ,a +
1
2
∫ Tε
0
|uε(t)|2Zρε,a dt
≤ |u0|2Xρ0,a0 + C
∫ Tε
0
(
ρ−4ε |uε|2Xρε,a + |u
ε|2Xρε,a + |u
ε|4Xρε,a
)
dt.
(3.9)
In view of (3.8) for Tε be small sufficiently we have
∀ t ∈ [0, Tε], ρε(t) ≥ 1
8
min {ρ0, τ/3} ,
and thus it follows from (3.9) that, for any t ∈ [0, Tε],
|uε(t)|2Xρ,a +
1
2
∫ Tε
0
|uε(t)|2Zρε,a dt ≤ |u0|
2
Xρ0,a0
+ C
∫ Tε
0
(
|uε|2Xρε,a + |u
ε|4Xρε,a
)
dt,
with C depending only on a0, ρ0, τ,
∥∥uI,03 ∥∥Aτ and ∥∥uI,01 ∥∥Aτ , but independent of ε. Thus by general Gronwall
inequality, we conclude
|uε(t)|2Xρε,a ≤ C |u0|
2
Xρ0,a0
,(3.10)
and ∫ Tε
0
|uε(t)|2Zρε,a dt ≤ 3 |u0|
2
Xρ0,a0
+ |u0|4Xρ0,a0 .
As a result, in view of (3.8) we see
ρε(t) = min {ρ0/2, τ/3} −
∫ t
0
|uε(s)|Zρε(s),a ds
≥ min {ρ0/2, τ/3} − t1/2
(∫ Tε
0
|uε(t)|2Zρε,a dt
)1/2
≥ min {ρ0/2, τ/3} − t1/2
(
2 |u0|2Xρ0,a0 + |u0|
4
Xρ0,a0
)1/2
.
So if we choose T∗ such that
T∗ = 4−1
(
3 |u0|2Xρ0,a0 + |u0|
4
Xρ0,a0
)−1 (
min {ρ0/2, τ/3}
)2
(3.11)
Then
∀ t ∈ [0, Tε] ⊂ [0, T∗], ρε(t) ≥ ρ∗ def= 1
4
min {ρ0, τ/3} .
By (3.10), it follows that
∀ t ∈ [0, Tε] ⊂ [0, T∗], |uε(t)|2Xρ∗,a ≤ C |u0|
2
Xρ0,a0
.
This completes the proof of Proposition 3.3. 
Completion of the proof of Theorem 3.1. Due to the uniform estimate (3.4), we can extend the lifes-
pan Tε to T∗ with T∗ defined in (3.11), following the standard bootstrap arguments. Thus we see for any
ε > 0 the system (3.3) admits a unique solution uε ∈ L∞ ([0, T∗];Xρ∗,a) such that∥∥uε∥∥
L∞([0,Tε];Xρ∗,a)
≤ C |u0|Xρ0,a0 ,
with T∗, ρ∗, a, C independent of ε. Thus letting ε → 0, the compactness arguments show that the limit
u ∈ L∞ ([0, T∗];Xρ∗,a) solves the system (3.1), proving Theorem 3.1. 
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Proof of Theorem 1.5 . Taking
u = uB,13 , v = −
∫ x1
−∞
∂yu
B,1
3 (t, z, y)dz,
the system (3.1) implies that the function
Up,13 = uB,13 + uI,13 + y∂3uI,03
satisfies 

∂tUp,13 − ∂2yUp,13 + Up,01 ∂1Up,13 + Up,13 ∂yUp,13 + ∂3pI,1 + y∂23pI,0 = 0,
∂yUp,13 (t, x1, 0) = 0,
Up,13 (0, x1, y) = uB,10,3 (x1, y) + uI,10,3(x1) + y∂3uI,00,3(x1) ,
with
Up,01 = −
∫ x1
−∞
∂yu
B,1
3 (t, z, y)dz + u
I,0
1 .
So we need to check the boundary condition
(3.12) Up,13 |y=0 = uB,13 (t, x1, 0) + uI,13 (t, x1) = 0.
For this purpose, we first use Theorem 3.1 to determine uB,13 , then use Theorem 1.3 to solve the linearized
Euler system (1.6) with the boundary condition
uI,13 |x3=0 = −uB,13 (t, x1, 0) .
For the component Up,01 , using the divergence-free properties of uI,0, we have firstly
Up,01 |y=0 = −
∫ x1
−∞
∂yu
B,1
3 (t, z, 0)dz + u
I,0
1 (t, x1)
=
∫ x1
−∞
∂3u
I,0
3 (t, z)dz + u
I,0
1 (t, x1)
= −
∫ x1
−∞
∂1u
I,0
1 (t, z)dz + u
I,0
1 (t, x1)
= 0.
On the other hand, since uB,13 ∈ L∞ ([0, T∗];Xρ∗,a), we have the limit
lim
y→+∞
Up,01 (t, x1, y) = − limy→+∞
∫ x1
−∞
∂yu
B,1
3 (t, z, y)dz + u
I,0
1 (t, x1)
= uI,01 (t, x1).
So the boundary conditions for Up,01 are satisfied. Finally, for the pressure term of the first equation in (P1),
once we obtain Up,13 , Up,01 and ∂1pI,0, it is enough to put
∂1p
B,0 = −∂tUp,01 + ∂2yUp,01 − Up,01 ∂1Up,01 − Up,13 ∂yUp,01 − ∂1pI,0.
We then complete the proof of Theorem 1.5.
4. Uniform energy estimates
In this section we proceed through the following lemmas to prove Proposition 3.4. To simplify the notations
in the following proof we will write u instead of uε, omitting the superscript ε, and use C in the following
discussion to denote different suitable constants, which depend only on a0, ρ0, τ,
∥∥uI,03 ∥∥Aτ and ∥∥uI,01 ∥∥Aτ .
In view of the definition of |·|Xρ,a it suffices to estimate terms∑
m≤2
(∥∥ 〈x1〉ℓ eay2∂m1 u∥∥L2(R2+)
)
+
∑
m≥3
(
ρm−1
(m− 3)!
∥∥ 〈x1〉ℓ eay2∂m1 u∥∥L2(R2+)
)
(4.1)
and ∑
m≤2
(∥∥ 〈x1〉ℓ eay2∂m1 ∂yu∥∥L2(R2+)
)
+
∑
m≥3
(
ρm−1
(m− 3)!
∥∥ 〈x1〉ℓ eay2∂m1 ∂yu∥∥L2(R2+)
)
(4.2)
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Here we first treat the terms in (4.2), and the ones in (4.1) can be deduced similarly with simpler arguments.
To do so, we use the notation ω = ∂yu. Then it follows from (3.1) that
(4.3)


(
∂t − ∂2y + ∂3uI,03 y∂y
)
ω +
(
v + uI,01
)
∂1ω
+ (u− u(t, x1, 0)) ∂yω + 2∂3uI,03 ω +
(
∂1u(t, x1, 0) + y∂1∂3u
I,0
3
)
∂yv
+ (∂yv) ∂1u+ ω
2 + ∂1∂3u
I,0
3 v = 0,
ω|y=0 = ∂1uI,01 (t, x1),
ω|t=0 = ∂yuB,13,0 .
Thus the function, defined by
ϕm = 〈x1〉ℓ eay
2
∂m1 ω(t) = 〈x1〉ℓ eay
2
∂m1 ∂yu(t),(4.4)
solves the equation


(
∂t − ∂2y + ∂3uI,03 y∂y
)
ϕm − a′(t)y2ϕm +
(
v + uI,01
)
∂1ϕm + (u− u(t, x1, 0)) ∂yϕm = Rm(t),
ϕm
∣∣
y=0
= 〈x1〉ℓ ∂m+11 uI,01 (t, x1),
ϕm
∣∣
t=0
= 〈x1〉ℓ eay2∂m1 ∂yuB,13,0 ,
where
Rm(t) =
11∑
j=1
Rmj (t)
with
Rm1 = −4ay∂yϕm + 4a2y2ϕm − 2aϕm,
Rm2 = 2ay2∂3uI,03 ϕm + 2ay (u− u(t, x1, 0))ϕm,
Rm3 =
(
∂1 〈x1〉ℓ
)
eay
2
(
v + uI,01
)
∂m1 ω,
Rm4 = −
m∑
k=1
(
m
k
)
〈x1〉ℓ eay
2
(
∂k1∂3u
I,0
3
)
y∂y∂
m−k
1 ω,
Rm5 = −
m∑
k=1
(
m
k
)
〈x1〉ℓ eay
2
(
∂k1v + ∂
k
1u
I,0
1
)
∂m−k+11 ω,
Rm6 = −
m∑
k=1
(
m
k
)
〈x1〉ℓ eay
2 (
∂k1u− ∂k1u(t, x1, 0)
)
∂m−k1 ∂yω,
Rm7 = −
m∑
k=0
(
m
k
)
〈x1〉ℓ eay
2
(
∂k1∂3u
I,0
3
)
∂m−k1 ω,
Rm8 = −
m∑
k=0
(
m
k
)
〈x1〉ℓ eay
2
(
∂k+11 u(t, x1, 0) + y∂
k+1
1 ∂3u
I,0
3
)
∂m−k1 ∂yv,
Rm9 = −
m∑
k=0
(
m
k
)
〈x1〉ℓ eay
2 (
∂k+11 u
)
∂m−k1 ∂yv,
Rm10 = −
m∑
k=0
(
m
k
)
〈x1〉ℓ eay
2
((
∂k1ω
)
∂m−k1 ω + ∂
k+1
1 ∂3u
I,0
3 ∂
m−k
1 v
)
.
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From the first equation in (4.3), it follows that((
∂t − ∂2y + ∂3uI,03 y∂y
)
ϕm, ϕm
)
L2(R2+)
− (a′(t)y2ϕm, ϕm)L2(R2+)
+
((
v + uI,01
)
∂1ϕm + (u− u(t, x1, 0)) ∂yϕm(t), ϕm
)
L2(R2+)
(4.5)
=(Rm(t), ϕm(t))L2(R2+) ,
with Rm given above.
In the following lemmas, let 0 < a(t) < a0 to be determined later, and let 0 < ρ = ρ(t) ≤ min {ρ0/2, τ/3}
be an arbitrary smooth function of t.
Lemma 4.1. A constants C exists such that for any N ≥ 3,
N∑
m=3
(
ρm−1
(m− 3)!
)2
(Rm1 , ϕm)L2(R2+) ≤ C
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥yϕm∥∥2L2(R2+),
and
N∑
m=3
(
ρm−1
(m− 3)!
)2
(Rm2 , ϕm)L2(R2+) ≤ C
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥yϕm∥∥2L2(R2+) + C |u|4Xρ,a .
Proof. We have, integrating by parts,
(Rm1 , ϕm)L2(R2+) =
(
4a2y2ϕm, ϕm
)
L2(R2+)
= 4a2
∥∥yϕm∥∥2L2(R2+)
Direct verification shows
(Rm2 , ϕm)L2(R2+) ≤
(
2a
∥∥∂3uI,03 ∥∥L∞ + a2
)∥∥yϕm∥∥2L2(R2+) + 4∥∥u∥∥2L∞(R2+)∥∥ϕm∥∥2L2(R2+).
Observe ∥∥∂3uI,03 ∥∥L∞ ≤ C∥∥uI,03 ∥∥Gτ
and
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥ϕm∥∥2L2(R2+) ≤
∞∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥ϕm∥∥2L2(R2+) ≤ |u|Xρ,a ,
and thus the desired results follow, completing the proof. 
Lemma 4.2. There exists a constant C such that for any ρ with 0 < ρ ≤ τ/3, we have
N∑
m=3
(
ρm−1
(m− 3)!
)2
(Rm8 , ϕm)L2(R2+) ≤
1
8
|u|2Zρ,a + C
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥yϕm∥∥2L2(R2+) + C |u|Zρ,a |u|2Yρ,a .
Proof. Recall Rm,j8 can be written as, for any ε˜ > 0,
(Rm8 , ϕm)L2(R2+) =
(
−
m∑
k=0
(
m
k
)
〈x1〉ℓ eay
2 (
∂k+11 u(x1, 0)
)
∂m−k1 ∂yv, ϕm
)
L2(R2+)
+
(
−
m∑
k=0
(
m
k
)
〈x1〉ℓ eay
2
(
y∂k+11 ∂3u
I,0
3
)
∂m−k1 ∂yv, ϕm
)
L2(R2+)
≤
m∑
k=0
(
m
k
)∥∥ 〈x1〉ℓ ∂k+11 u∥∥L∞y (R+; L2x1(R))
∥∥eay2∂m−k1 ∂yv∥∥L2y(R+; L∞x1(R))
∥∥ϕm∥∥L2(R2+)
+ε˜
[ m∑
k=0
(
m
k
)∥∥ 〈x1〉ℓ ∂k+11 ∂3uI,03 ∥∥L2x1(R)
∥∥eay2∂m−k1 ∂yv∥∥L2y(R+; L∞x1(R))
]2
+Cε˜
∥∥yϕm∥∥2L2(R2+).
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Then it suffices to show that
N∑
m=3
(
ρm−1
(m− 3)!
)2 m∑
k=0
(
m
k
)∥∥ 〈x1〉ℓ ∂k+11 u∥∥L∞y (R+; L2x1(R))
∥∥eay2∂m−k1 ∂yv∥∥L2y(R+; L∞x1(R))
∥∥ϕm∥∥L2(R2+)
≤C |u|Zρ,a |u|
2
Yρ,a
,
(4.6)
and
N∑
m=3
(
ρm−1
(m− 3)!
)2 [ m∑
k=0
(
m
k
)∥∥ 〈x1〉ℓ ∂k+11 ∂3uI,03 ∥∥L2x1(R)
∥∥eay2∂m−k1 ∂yv∥∥L2y(R+; L∞x1(R))
]2
≤C |u|2Zρ,a .
(4.7)
We will proceed to prove the above estimate through the following steps.
Step (a) We begin with several estimates to be used later in the proof. Firstly in view of the definition of
|·|Yρ,a given in (3.5), we may write
|u|2Yρ,a =
+∞∑
m=0
|u|2Yρ,a,m
where |u|Yρ,a,m is defined by
|u|Yρ,a,m =


∑
0≤j≤1
∥∥ 〈x1〉ℓ eay2∂m1 ∂jyu∥∥L2(R2+), 0 ≤ m ≤ 2∑
0≤j≤1(m− 1)1/2ρ−/2 ρ
m−1
(m−3)!
∥∥ 〈x1〉ℓ eay2∂m1 ∂jyu∥∥L2(R2+), m ≥ 3.
Thus
∥∥ϕm∥∥L2(R2+) ≤


|u|Yρ,a , 0 ≤ m ≤ 2,
|u|Yρ,a,m m−1/2ρ1/2
(m−3)!
ρm−1 , m ≥ 3,
(4.8)
Next from the relations (3.2) it follows that∥∥eay2∂yv∥∥L2y(R+; L∞x1(R)) ≤ C
∥∥ 〈x1〉ℓ eay2∂2yu∥∥L2(R2+) ≤ C |u|Zρ,a ,
and that for j ≥ 1,∥∥eay2∂j1∂yv∥∥L2y(R+; L∞x1(R)) =
∥∥eay2∂j−11 ∂2yu∥∥L2y(R+; L∞x1(R))
≤ C
∥∥ 〈x1〉ℓ eay2∂j1∂2yu∥∥L2(R2+)
≤
{
C |u|Zρ,a , 1 ≤ j ≤ 2,
C |u|Zρ,a,j
(j−3)!
ρj−1 , j ≥ 3,
where |u|Zρ,a,k is defined by the relation |u|Zρ,a =
∑
k≥0 |u|2Zρ,a,k , so that
|u|Zρ,a,k =


∑
1≤j≤2
∥∥ 〈x1〉ℓ eay2∂k1∂jyu∥∥L2(R2+), 0 ≤ k ≤ 2∑
1≤j≤2
ρk−1
(k−3)!
∥∥ 〈x1〉ℓ eay2∂k1∂jyu∥∥L2(R2+), k ≥ 3.
Thus we conclude
∥∥eay2∂j1∂yv∥∥L2y(R+; L∞x1(R)) ≤
{
C |u|Zρ,a , 0 ≤ j ≤ 2,
C |u|Zρ,a,j
(j−3)!
ρj−1 , j ≥ 3.
(4.9)
Using the Sobolev inequality∥∥ 〈x1〉ℓ ∂j1u∥∥L∞y (R+; L2x1(R)) ≤ C
∥∥ 〈x1〉ℓ ∂j1u∥∥L2(R+) + C∥∥ 〈x1〉ℓ ∂j1∂yu∥∥L2(R+),
gives
∥∥ 〈x1〉ℓ ∂j1u∥∥L∞y (R+; L2x1(R)) ≤
{
C |u|Yρ,a , if 0 ≤ j ≤ 2,
C |u|Yρ,a,j j−1/2ρ1/2
(j−3)!
ρj−1 , if j ≥ 3.
(4.10)
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Finally,
∀ k ≥ 0,
∥∥ 〈x1〉ℓ ∂k+11 ∂3uI,03 ∥∥L2x1(R) ≤ C
∥∥uI,03 ∥∥Aτ (k + 3)!τk+3(4.11)
due to (1.4).
Step (b). We now prove (4.7). For this purpose we use (4.11) and (4.9) to calculate
m∑
k=0
(
m
k
)∥∥ 〈x1〉ℓ ∂k+11 ∂3uI,03 ∥∥L2x1(R)
∥∥eay2∂m−k1 ∂yv∥∥L2y(R+; L∞x1(R))
≤ C∥∥uI,03 ∥∥Aτ
m−3∑
k=0
m!
k!(m− k)!
(k + 3)!
τk+3
(m− k − 3)!
ρm−k−1
|u|Zρ,a,m−k
+C
∥∥uI,03 ∥∥Aτ
m∑
k=m−2
m!
k!(m− k)!
(k + 3)!
τk+3
|u|Zρ,a,m−k
≤ C (m− 3)!
ρm−1
m−3∑
k=0
m3
k3(m− k − 2)3
2kρk
τk+3
|u|Zρ,a,m−k + C
(m− 3)!
ρm−1
m∑
k=m−2
2kρm−1
τk+3
|u|Zρ,a,m−k
≤ Cτ−3 (m− 3)!
ρm−1
m−3∑
k=0
2kρk
τk
|u|Zρ,a,m−k + Cτ−3
(m− 3)!
ρm−1
m∑
k=m−2
2kρm−1
τk
|u|Zρ,a,m−k ,
which yields
N∑
m=3
(
ρm−1
(m− 3)!
)2 [ m∑
k=0
(
m
k
)∥∥ 〈x1〉ℓ ∂k+11 ∂3uI,03 ∥∥L2x1(R)
∥∥eay2∂m−k1 ∂yv∥∥L2y(R+; L∞x1(R))
]2
≤ C
N∑
m=3
(
m−3∑
k=0
2kρk
τk
|u|Zρ,a,m−k
)2
+ C
N∑
m=3
(
m∑
k=m−2
2kρm−1
τk
|u|Zρ,a,m−k
)2
On the other hand, by virtue of Young’s inequality for discrete convolution (cf. [17, Theorem 20.18] ) we
have
N∑
m=3
(
m−3∑
k=0
2kρk
τk
|u|Zρ,a,m−k
)2
≤ C
(
N∑
k=0
2kρk
τk
)2 N∑
k=0
|u|2Zρ,a,k ≤ C |u|
2
Zρ,a
,
since ρ ≤ τ/3. And direct computation yields
N∑
m=3
(
m∑
k=m−2
2kρm−1
τk
|u|Zρ,a,m−k
)
≤ C |u|2Zρ,a .
Then we obtain (4.7), combining the above inequalities.
Step (c). Now we check (4.6) and write
m∑
k=0
(
m
k
)∥∥ 〈x1〉ℓ ∂k+11 u∥∥L∞y (R+; L2x1(R))
∥∥eay2∂m−k1 ∂yv∥∥L2y(R+; L∞x1(R))
∥∥ϕm∥∥L2(R2+)
≤ S1 + S2 + S3
with
S1 =
2∑
k=0
(
m
k
)∥∥ 〈x1〉ℓ ∂k+11 u∥∥L∞y (R+; L2x1(R))
∥∥eay2∂m−k1 ∂yv∥∥L2y(R+; L∞x1(R))
∥∥ϕm∥∥L2(R2+),
S2 =
m−3∑
k=3
(
m
k
)∥∥ 〈x1〉ℓ ∂k+11 u∥∥L∞y (R+; L2x1(R))
∥∥eay2∂m−k1 ∂yv∥∥L2y(R+; L∞x1(R))
∥∥ϕm∥∥L2(R2+)
and
S3 =
m∑
k=m−2
(
m
k
)∥∥ 〈x1〉ℓ ∂k+11 u∥∥L∞y (R+; L2x1(R))
∥∥eay2∂m−k1 ∂yv∥∥L2y(R+; L∞x1(R))
∥∥ϕm∥∥L2(R2+).
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For the term S2,m, we use (4.8), (4.9) and (4.10) to compute
S2,m =
(
ρm−1
(m− 3)!
)2 m−3∑
k=3
(
m
k
)∥∥ 〈x1〉ℓ ∂k+11 u∥∥L∞y (R+; L2x1(R))
∥∥eay2∂m−k1 ∂yv∥∥L2y(R+; L∞x1(R))
∥∥ϕm∥∥L2(R2+)
≤ C
(
ρm−1
(m− 3)!
)2 m−3∑
k=3
m!
k!(m− k)!
[
k−1/2ρ1/2
(k − 2)!
ρk
|u|Yρ,a,k+1
]
(m− k − 3)!
ρm−k−1
|u|Zρ,a,m−k
×m−1/2ρ1/2 (m− 3)!
ρm−1
|u|Yρ,a,m
≤ Cρ |u|Yρ,a,m
m−3∑
k=3
m3
k2(m− k − 2)3 k
−1/2m−1/2 |u|Yρ,a,k+1 |u|Zρ,a,m−k
≤ Cρ |u|Yρ,a,m
(
m−3∑
k=3
m3
k2(m− k − 2)3 k
−1/2m−1/2 |u|2Yρ,a,k+1
)1/2
×
(
m−3∑
k=3
m3
k2(m− k − 2)3 k
−1/2m−1/2 |u|2Zρ,a,m−k
)1/2
≤ Cρ |u|Zρ,a,m |u|
2
Yρ,a,m
,
and thus
N∑
m=3
S2,m ≤ Cρ
(
N∑
m=3
|u|2Yρ,a,m
)1/2 N∑
m=3
[
m−3∑
k=3
m3
k2(m− k − 2)3 k
−1/2m−1/2 |u|Yρ,a,k+1 |u|Zρ,a,m−k
]2
1/2
≤ Cρ |u|Yρ,a

 N∑
m=3
[
m−3∑
k=3
1
k2
|u|Yρ,a,k+1 |u|Zρ,a,m−k
]2
1/2
+Cρ |u|Yρ,a

 N∑
m=3
[
m−3∑
k=3
1
(m− k − 2)3 |u|Yρ,a,k+1 |u|Zρ,a,m−k
]2
1/2
the last inequality following from the fact that
∀ 3 ≤ k ≤ m− 3, m
3
k2(m− k − 2)3 k
−1/2m−1/2 ≤ C
(
1
k2
+
1
(m− k − 2)3
)
.
Moreover, by virtue of Young’s inequality for discrete convolution (cf. [17, Theorem 20.18] ) we obtain
 N∑
m=3
[
m−3∑
k=3
1
k2
|u|Yρ,a,k+1 |u|Zρ,a,m−k
]2
1/2
≤ C
(
+∞∑
m=3
|u|2Zρ,a,m
)1/2 +∞∑
k=3
1
k2
|u|Yρ,a,k
≤ C |u|Zρ,a
(
+∞∑
k=1
|u|2Yρ,a,k
)1/2(+∞∑
k=1
1
k4
)1/2
≤ C |u|Zρ,a |u|Yρ,a .
Similarly 
 N∑
m=3
[
m−3∑
k=3
1
(m− k − 2)3 |u|Yρ,a,k+1 |u|Zρ,a,m−k
]2
1/2
≤ C |u|Zρ,a |u|Yρ,a .
Combining these inequality we conclude
N∑
m=3
S2,m ≤ Cρ |u|Zρ,a |u|
2
Yρ,a
≤ C |u|Zρ,a |u|
2
Yρ,a
.
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The estimates on the rest two terms S1 and S3 can be deduced similarly and directly, and we have
N∑
m=3
(S1,m + S3,m) ≤ C |u|Zρ,a |u|
2
Yρ,a
,
proving (4.6). The proof of Lemma 4.2 is complete. 
Lemma 4.3. A constant C exists such that
N∑
m=3
(
ρm−1
(m− 3)!
)2
(Rm3 , ϕm)L2(R2+) ≤ C
(
|u|3Xρ,a,m + |u|
2
Xρ,a,m
)
,
N∑
m=3
(
ρm−1
(m− 3)!
)2
(Rm4 , ϕm)L2(R2+) ≤
1
8
|u|2Zρ,a + C
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥yϕm∥∥2L2(R2+),
N∑
m=3
(
ρm−1
(m− 3)!
)2
(Rm5 , ϕm)L2(R2+) ≤ C
(
|u|3Xρ,a,m + |u|
2
Xρ,a,m
)
,
N∑
m=3
(
ρm−1
(m− 3)!
)2
(Rm6 , ϕm)L2(R2+) ≤ C |u|Zρ,a |u|
2
Yρ,a
,
N∑
m=3
(
ρm−1
(m− 3)!
)2
(Rm7 , ϕm)L2(R2+) ≤ C |u|
2
Xρ,a
,
N∑
m=3
(
ρm−1
(m− 3)!
)2
(Rm9 , ϕm)L2(R2+) ≤ C |u|Zρ,a |u|
2
Yρ,a
,
N∑
m=3
(
ρm−1
(m− 3)!
)2
(Rm10, ϕm)L2(R2+) ≤ C
(
|u|3Xρ,a + |u|
2
Xρ,a
)
.
Proof. The treatment of R6,R9 is exactly the same as in the proof of (4.6). The other terms can be deduced
similarly by following the proof in Lemma 4.2 with slightly changes, and the arguments here will be simpler
since there is no the highest derivative ∂m+11 involved. This means we can perform the estimates with the
norm Yρ,a in Lemma 4.2 replaced by Xρ,a here. So we omit the proof for brevity. 
Combining the estimates in Lemma 4.1-Lemma 4.3, we have
Corollary 4.4. There are two constants C,C0 such that
N∑
m=3
(
ρm−1
(m− 3)!
)2( 10∑
k=1
(Rmk , ϕm)L2(R2+)
)
≤ 1
4
|u|2Zρ,a + C0
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥yϕm∥∥2L2(R2+) + C |u|Zρ,a |u|2Yρ,a + C
(
|u|2Xρ,a + |u|
4
Xρ,a
)
.
Lemma 4.5. We have((
∂t − ∂2y + ∂3uI,03 y∂y
)
ϕm, ϕm
)
L2(R2+)
− (a′(t)y2ϕm, ϕm)L2(R2+)
+
((
v + uI,01
)
∂1ϕm + (u− u(t, x1, 0))∂yϕm(t), ϕm
)
L2(R2+)
≥ 1
2
d
dt
∥∥ϕm∥∥2L2(R2+) + ∥∥∂yϕm∥∥2L2(R2+) − a′(t)∥∥yϕm∥∥2L2(R2+)
+
d
dt
∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) 〈x1〉ℓ ∂m1 u(t, x1, 0) dx1 − C
(
(m− 3)!
ρm−1
)2
|u|2Xρ,a,m .
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Proof. Firstly we calculate, integrating by parts and using the relation (3.2),∣∣∣∣(∂3uI,03 y∂yϕm, ϕm)L2(R2+)
∣∣∣∣+
∣∣∣∣((v + uI,01 ) ∂1ϕm + (u− u(t, x1, 0))∂yϕm, ϕm)L2(R2+)
∣∣∣∣
≤ 1
2
(∥∥∂3uI,03 ∥∥L∞ + ∥∥∂3uI,01 ∥∥L∞
)∥∥ϕm∥∥2L2(R2+).(4.12)
Integrating by parts and using the boundary condition in (4.3), we have((
∂t − ∂2y
)
ϕm, ϕm
)
L2(R2+)
=
1
2
d
dt
∥∥ϕm∥∥2L2(R2+) + ∥∥∂yϕm∥∥2L2(R2+)
+
∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) (∂yϕm) (t, x1, 0) dx1.(4.13)
Now we check the boundary value of ∂yϕ. In view of (4.4) we see
∂yϕm
∣∣
y=0
= 〈x1〉ℓ ∂m1 ∂2yu
∣∣
y=0
.
And moreover, using the relation
〈x1〉ℓ ∂2yu
∣∣
y=0
= ∂tu(x1, 0)− ∂3uI,03 u(x1, 0) + uI,01 (∂1u)(x1, 0)
which follows from (3.1), we conclude
∂yϕm
∣∣
y=0
= ∂t 〈x1〉ℓ ∂m1 u(t, x1, 0)− 〈x1〉ℓ ∂m1
(
∂3u
I,0
3 u(t, x1, 0)
)
+ 〈x1〉ℓ ∂m1
(
uI,01 (∂1u)(t, x1, 0)
)
.
As a result, ∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) 〈x1〉ℓ (∂yϕm) (t, x1, 0) dx1
=
d
dt
∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) 〈x1〉ℓ ∂m1 u(t, x1, 0) dx1
−
∫
Rx1
〈x1〉ℓ ∂t∂m+11 uI,01 (t, x1) 〈x1〉ℓ ∂m1 u(t, x1, 0) dx1
−
∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1)∂m1
(
∂3u
I,0
3 u(x1, 0)
)
dx1
+
∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1)∂m1
(
uI,01 (∂1u)(t, x1, 0)
)
dx1.
Moreover, In view of (1.5), we can repeat the arguments in Lemma 4.2 and Lemma 4.3, to obtain, observing
ρ < τ/4,∣∣∣∣∣
∫
Rx1
〈x1〉ℓ ∂t∂m+11 uI,01 (t, x1) 〈x1〉ℓ ∂m1 u(t, x1, 0) dx1
∣∣∣∣∣ ≤ C
(
(m− 3)!
ρm−1
)2 ∥∥uI,01 ∥∥Aτ |u|Xρ,a,m ,
∣∣∣∣∣
∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1)∂m1
(
∂3u
I,0
3 u(x1, 0)
)
dx1
∣∣∣∣∣ ≤ C
(
(m− 3)!
ρm−1
)2 ∥∥uI,01 ∥∥Aτ∥∥uI,03 ∥∥Aτ |u|Xρ,a,m
and ∣∣∣∣∣
∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1)∂m1
(
uI,01 (∂1u)(t, x1, 0)
)
dx1
∣∣∣∣∣ ≤ C
(
(m− 3)!
ρm−1
)2 ∥∥uI,01 ∥∥2Aτ |u|Xρ,a,m .
Combing these inequalities above, we conclude∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) 〈x1〉ℓ (∂yϕm) (t, x1, 0) dx1
≥ d
dt
∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) 〈x1〉ℓ ∂m1 u(t, x1, 0) dx1 − C
(
(m− 3)!
ρm−1
)2
|u|Xρ,a,m ,
which, along with (4.12) and (4.13), yields the conclusion, completing the proof. 
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Lemma 4.6. Let a(t) = a0 −
(
2a20 + C0
)
t with C0 the constants given in Corollary 4.4. Then for any N ,
1
2
d
dt
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥ϕm∥∥2L2(R2+) + 12
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥ 〈x1〉ℓ eay2∂m1 ∂2yu(t)∥∥2L2(R2+)
−ρ′(t)
N∑
m=3
(
(m− 1)1/2ρ−1/2 ρ
m−1
(m− 3)!
∥∥ϕm∥∥L2(R2+)
)2
≤ 1
4
|u|2Zρ,a −
d
dt
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) 〈x1〉ℓ ∂m1 u(t, x1, 0) dx1
+C
(
|ρ′| ρ−2 |u|Xρ,a + |u|
2
Xρ,a
+ |u|4Xρ,a
)
.
Proof. Using the equality (4.5) and Lemma 4.5, we obtain
N∑
m=3
(
ρm−1
(m− 3)!
)2 [
1
2
d
dt
∥∥ϕm∥∥2L2(R2+) + ∥∥∂yϕm∥∥2L2(R2+) − a′(t)∥∥yϕm∥∥2L2(R2+)
]
≤ − d
dt
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) 〈x1〉ℓ ∂m1 u(t, x1, 0) dx1
+
N∑
m=3
(2m− 2)ρ
′(t)ρ2m−3
[(m− 3)!]2
∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) 〈x1〉ℓ ∂m1 u(t, x1, 0) dx1 + |u|ρ,a
+
N∑
m=3
(
ρm−1
(m− 3)!
)2( 10∑
k=1
(Rmk (t), ϕm(t))L2(R2+)
)
≤ − d
dt
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) 〈x1〉ℓ ∂m1 u(t, x1, 0) dx1
+
N∑
m=3
(2m− 2)ρ
′(t)ρ2m−3
[(m− 3)!]2
∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) 〈x1〉ℓ ∂m1 u(t, x1, 0) dx1 + |u|ρ,a
+
1
4
|u|2Zρ,a + C0
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥yϕm∥∥2L2(R2+) + C |u|Zρ,a |u|2Yρ,a + C
(
|u|2Xρ,a + |u|
4
Xρ,a
)
,
the last inequality following from Corollary 4.4. On the other hand,
N∑
m=3
(2m− 2)ρ
′(t)ρ2m−3
[(m− 3)!]2
∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) 〈x1〉ℓ ∂m1 u(t, x1, 0) dx1
≤ C
N∑
m=3
2mρ′(t)ρ2m−3
[(m− 3)!]2
∥∥ 〈x1〉ℓ ∂m+11 uI,01 ∥∥L2(Rx1)
(∥∥ 〈x1〉ℓ ∂m1 u∥∥L2 + ∥∥ 〈x1〉ℓ ∂m1 ∂yu∥∥L2
)
≤ C
N∑
m=3
2mρ′(t)ρm−2
τm+3
∥∥uI,01 ∥∥Gτ
[
ρm−1
(m− 3)!
(∥∥ 〈x1〉ℓ ∂m1 u∥∥L2 + ∥∥ 〈x1〉ℓ ∂m1 ∂yu∥∥L2
)]
≤ C |ρ′| ρ−2 |u|Xρ,a
the last inequality using the fact that ρ < τ/3. As a result, combining the equalities above yields
N∑
m=3
(
ρm−1
(m− 3)!
)2 [
1
2
d
dt
∥∥ϕm∥∥2L2(R2+) + ∥∥∂yϕm∥∥2L2(R2+) − a′(t)∥∥yϕm∥∥2L2(R2+)
]
≤ 1
4
|u|2Zρ,a −
d
dt
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) 〈x1〉ℓ ∂m1 u(t, x1, 0) dx1
+C0
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥yϕm∥∥2L2(R2+) + C |u|Zρ,a |u|2Yρ,a + C
(
|ρ′| ρ−2 |u|Xρ,a + |u|
2
Xρ,a
+ |u|4Xρ,a
)
.
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Moreover from the relations∥∥∂yϕm∥∥2L2(R2+) ≥ 12
∥∥ 〈x1〉ℓ eay2∂m1 ∂2yu(t)∥∥2L2(R2+) − 2a20∥∥yϕm∥∥2L2(R2+)
and
1
2
d
dt
(
ρm−1
(m− 3)!
)2 ∥∥ϕm∥∥2L2(R2+) +
(
ρm−1
(m− 3)!
)2 ∥∥∂yϕm∥∥2L2(R2+) − a′(t)
(
ρm−1
(m− 3)!
)2 ∥∥yϕm∥∥2L2(R2+)
−ρ′(t)
(
(m− 1)1/2ρ−1/2 ρ
m−1
(m− 3)!
∥∥ϕm∥∥L2(R2+)
)2
=
(
ρm−1
(m− 3)!
)2 [
1
2
d
dt
∥∥ϕm∥∥2L2(R2+) + ∥∥∂yϕm∥∥2L2(R2+) − a′(t)∥∥yϕm∥∥2L2(R2+)
]
,
it follows that
1
2
d
dt
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥ϕm∥∥2L2(R2+) + 12
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥ 〈x1〉ℓ eay2∂m1 ∂2yu(t)∥∥2L2(R2+)
− (a′(t) + 2a20) N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥yϕm∥∥2L2(R2+)
−ρ′(t)
N∑
m=3
(
(m− 1)1/2ρ−1/2 ρ
m−1
(m− 3)!
∥∥ϕm∥∥L2(R2+)
)2
≤ 1
4
|u|2Zρ,a −
d
dt
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∫
Rx1
〈x1〉ℓ ∂m+11 uI,01 (t, x1) 〈x1〉ℓ ∂m1 u(t, x1, 0) dx1
+C0
N∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥yϕm∥∥2L2(R2+) + C |u|Zρ,a |u|2Yρ,a + C
(
|ρ′| ρ−2 |u|Xρ,a + |u|
2
Xρ,a
+ |u|4Xρ,a
)
.
Now observing a(t) = a0 −
(
2a20 + C0
)
t, we complete the proof. 
Completion of the proof of Proposition 3.4. By Lemma 4.6, we integrate both sides over [0, t] ⊂ [0, T ]
and then let N → +∞, to obtain that for any t ∈ [0, T ],
+∞∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥ϕm(t)∥∥2L2(R2+) +
∫ T
0
+∞∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥ 〈x1〉ℓ eay2∂m1 ∂2yu(t)∥∥2L2(R2+)dt
−
∫ T
0
ρ′(t)
+∞∑
m=3
m− 1
ρ
(
ρm−1
(m− 3)!
)2 ∥∥ϕm(t)∥∥2L2(R2+)dt
≤ |u0|2Xρ0,a0 +
1
2
∫ T
0
|u(t)|2Zρ,a dt+ C
∫ T
0
(
|ρ′(t)| ρ−2 |u(t)|Xρ,a + |u(t)|
2
Xρ,a
+ |u(t)|4Xρ,a
)
dt
+C
∫ T
0
|u(t)|Zρ,a |u(t)|
2
Yρ,a
dt.
Direct computation also gives
∑
m≤2
∥∥ϕm(t)∥∥2L2(R2+) +
∫ T
0
∑
m≤2
∥∥ 〈x1〉ℓ eay2∂m1 ∂2yu(t)∥∥2L2(R2+)dt−
∫ T
0
ρ′(t)
+∞∑
m≤2
∥∥ϕm(t)∥∥2L2(R2+)dt
≤ |u0|2Xρ0,a0 +
1
2
∫ T
0
|u(t)|2Zρ,a dt+ C
∫ T
0
(
|ρ′(t)| ρ−2 |u(t)|Xρ,a + |u(t)|
2
Xρ,a
+ |u(t)|4Xρ,a
)
dt
+C
∫ T
0
|u(t)|Zρ,a |u(t)|
2
Yρ,a
dt.
Similarly, using the notation
ψm = 〈x1〉ℓ eay
2
∂m1 u(t),
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we can deduce, following the proof of the above two inequalities with slight modification and simpler argu-
ments,
∑
m≤2
∥∥ψm(t)∥∥2L2 +
+∞∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥ψm(t)∥∥2L2(R2+)
+
∫ T
0

∑
m≤2
∥∥ 〈x1〉ℓ eay2∂m1 ∂yu(t)∥∥2L2(R2+) +
+∞∑
m=3
(
ρm−1
(m− 3)!
)2 ∥∥ 〈x1〉ℓ eay2∂m1 ∂yu(t)∥∥2L2(R2+)

 dt
−
∫ T
0
ρ′(t)

∑
m≤2
∥∥ψm∥∥2L2 +
+∞∑
m=3
m− 1
ρ
(
ρm−1
(m− 3)!
)2 ∥∥ψm∥∥2L2(R2+)

 dt
≤ |u0|2Xρ0,a0 +
1
2
∫ T
0
|u(t)|2Zρ,a dt+ C
∫ T
0
(
|ρ′(t)| ρ−2 |u(t)|Xρ,a + |u(t)|
2
Xρ,a
+ |u(t)|4Xρ,a
)
dt
+C
∫ T
0
|u(t)|Zρ,a |u(t)|
2
Yρ,a
dt
Combining these inequalities we conclude, observing the definition of |·|Xρ,a , |·|Yρ,a and |·|Zρ,a and any ρ ≤
min {ρ0, τ/3},
|u(t)|2Xρ,a +
∫ T
0
|u(t)|2Zρ,a dt−
∫ T
0
ρ′(t) |u(t)|2Yρ,a dt
≤ |u0|2Xρ0,a0 +
1
2
∫ T
0
|u(t)|2Zρ,a dt+ C
∫ T
0
(
|ρ′(t)| ρ−2 |u(t)|Xρ,a + |u(t)|
2
Xρ,a
+ |u(t)|4Xρ,a
)
dt
+C
∫ T
0
|u(t)|Zρ,a |u(t)|
2
Yρ,a
dt
Thus Claim (3.6) follows and the proof is complete. 
5. Existence of solution for second component
In this section, we determine the second component Up,02 by solving the parabolic-type equation

∂tUp,02 − ∂2yUp,02 + Up,01 ∂1Up,02 + Up,13 ∂yUp,02 = 0,
Up,02 (t, x1, 0) = 0, limy→+∞U
p,0
2 (t, x1, y) = u
I,0
2 (x1),
Up,02 (0, x1, y) = uB,00,2 (x1, y) + uI,00,2(x1) .
We recall that
(5.1) ∂tu
I,0
2 + u
I,0
1 ∂1u
I,0
2 = 0 .
Then, the system (P2) becomes
(P2bis)


∂tu
B,0
2 − ∂2yuB,02 +
(
uB,01 + u
I,0
1
)
∂1u
B,0
2 +
(
uB,13 + u
I,1
3 + y∂3u
I,0
3
)
∂yu
B,0
2 + ∂1u
I,0
2 u
B,0
1 = 0,
∂2u
B,0
2 = 0,
uB,02 (t, x1, 0) = −uI,02 , limy→+∞u
B,0
2 (t, x1, y) = 0,
uB,02 (0, x1, y) = u
B,0
0,2 (x1, y).
We have the following results
Theorem 5.1. Let ρ0 > 0, a0 > 0. For any initial data u
B,0
2,0 ∈ Xρ0,a0 , there exists T > 0, τ > 0 and
0 < a < a0, such that the system (P2bis) admits a unique solution u
B,0
2 ∈ L∞ ([0, T ], Xρ0,a).
Proof. In order to prove Theorem 5.1, the idea is to define an auxiliary function
v = uB,02 + e
−2a0y2uI,02 ,
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which satisfies the following boundary conditions
v(t, x1, 0) = lim
y→+∞
v(t, x1, y) = 0.
Then, the first equation of the system (P2bis) becomes
∂t
(
v − e−2a0y2uI,02
)
− ∂2y
(
v − e−2a0y2uI,02
)
+
(
uB,01 + u
I,0
1
)
∂1
(
v − e−2a0y2uI,02
)
+
(
uB,13 + u
I,1
3 + y∂3u
I,0
3
)
∂y
(
v − e−2a0y2uI,02
)
+ ∂1u
I,0
2 u
B,0
1 = 0.
Using (5.1), we can rewrite the system (P2bis) as
(P2v)


∂tv − ∂2yv +
(
uB,01 + u
I,0
1
)
∂1v +
(
uB,13 + u
I,1
3 + y∂3u
I,0
3
)
∂yv +R = 0,
∂2v = 0,
v(t, x1, 0) = 0, lim
y→+∞
uB,02 (t, x1, y) = 0,
v(0, x1, y) = u
B,0
0,2 (x1, y) + e
−2a0y2uI,00,2(x1),
where
R =
(
16a20y
2 − 4a0
)
e−2a0y
2
uI,02 + 4a0
(
uB,13 + u
I,1
3 + y∂3u
I,0
3
)
ye−2a0y
2
uI,02 +
(
1− e−2a0y2
)
∂1u
I,0
2 u
B,0
1 .
We remark that the system (P2v) is in the same form as the system (3.1) with Dirichlet boundary conditions.
Thus, we can prove Theorem 5.1 in the same way (with a lot of simplifications) as we did to prove Theorem
3.1.
Acknowledgements. The research of the first author was supported by NSF of China(11422106) and Fok
Ying Tung Education Foundation (151001), and he would like to thank the invitation of “ laboratoire de
mathématiques Raphaël Salem” of the Université de Rouen. The second author would like to express his
sincere thanks to School of mathematics and statistics of Wuhan University for the invitations. The research
of the last author is supported partially by “The Fundamental Research Funds for Central Universities of
China".
References
[1] Alexandre R., Wang Y., Xu C.-J. and Yang T., Well-posedness of The Prandtl Equation in Sobolev Spaces, J. Amer.
Math. Soc., 28 (2015), 745-784,2015.
[2] J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Anisotropy and dispersion in rotating fluids, Nonlinear Partial
Differential Equations and their application, Collège de France Seminar, Studies in Mathematics and its Applications, 31
(2002) 171-191.
[3] J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Fluids with anisotropic viscosity, Special issue for R. Temam’s
60th birthday, M2AN. Mathematical Modelling and Numerical Analysis, 34 (2000) 315-335.
[4] J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Ekman boundary layers in rotating fluids, ESAIM Controle
optimal et calcul des variations, A tribute to J.-L. Lions, 8 (2002) 441-466.
[5] J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Mathematical Geophysics: An introduction to rotating fluids
and to the Navier-Stokes equations, Oxford University Press, 2006.
[6] Cheng F. and Li W.-X., Gevery regularity in the weighted function space for imcompressible Euler equation on half-space.
to appear Acta Math Scien.
[7] A-L. Dalibard, D. Gérard-Varet, Nonlinear boundary layers for rotating fluids (submitted).
[8] E, W.: Boundary layer theory and the zero-viscosity limit of the Navier-Stokes equation. Acta Math. Sin. (Engl. Ser.) 16
(2000) 207-218.
[9] E, W. & Enquist, B.: Blow up of solutions of the unsteady Prandtl’s equation, Comm. Pure Appl. Math., 50 (1997)
1287-1293.
[10] I. Gallagher, Applications of Schochet’s Methods to Parabolic Equation, Journal de Mathématiques Pures et Appliquées,
77 (1998) 989-1054.
[11] I. Gallagher and L. Saint-Raymond, Weak convergence results for inhomogeneous rotating fluid equations, Journal
d’Analyse Mathématique, 99 (2006) 1-34.
[12] D. Gérard-Varet, & E. Dormy, On the ill-posedness of the Prandtl equation, J. Amer. Math. Soc., 23 (2010) 591-609.
[13] D. Gérard-Varet, Y. Maekawa, N. Masmoudi. Gevrey Stability of Prandtl Expansions for 2D Navier-Stokes. Preprint.
arXiv:1607.06434.
[14] S.Gong, Y. Guo, Y.-G.Wang, Ekmann boundary layer expansions of Navier-Stokes equations with rotation. Bull. Inst.
Math. Acad. Sin. (N.S.) 10 (2015), no. 3, 375-392.
[15] E. Grenier, & N. Masmoudi, Ekman layers of rotating fluids, the case of well prepared initial data. Comm. Partial
Differential Equations 22 (1997) 953-975.
BOUNDARY LAYER ANALYSIS FOR THE FAST HORIZONTAL ROTATING FLUIDS 29
[16] Y.Guo, Toan T. Nguyen. Prandtl boundary layer expansions of steady Navier-Stokes flows over a moving plate. Preprint.
arXiv:1411.6984
[17] E. Hewitt, K. Ross, Abstract harmonic analysis. Vol. I. Structure of topological groups, integration theory, group rep-
resentations. Second edition. Grundlehren der Mathematischen Wissenschaften, 115. Springer-Verlag, Berlin-New York,
1979
[18] D. Iftimie, A uniqueness result for the Navier-Stokes equations with vanishing vertical viscosity, SIAM Journal on Math-
ematical Analysis, 33 (2002) 1483-1493.
[19] T. Kato, Remarks on zero viscosity limit for non-stationary Navier-Stokes flows with boundary, in Seminar on Nonlinear
PDE, ed. S. S. Chern, MSRI, 1984.
[20] T. Kato, Non-stationary flows of viscous and ideal fluids in R3, J. Func. Anal. 9 (1972) 296–305.
[21] I. Kukavica, V.Vicol, On the analyticity and Gevrey class regularity up to the boundary for the Euler equation, Nonlinearity
24 (2011) 765-796.
[22] J.-L. Lions, Quelques méthodes de résolution des problèmes aux limites non linéaires. Dunod; Gauthier-Villars, Paris, 1969
[23] Y. Maekawa, On the Inviscid Limit Problem of the Vorticity Equations for Viscous Incompressible Flows in the Half-Plane,
Comm. Pure Appl. Math., 67 (2014) 1045-1128.
[24] N. Masmoudi, Ekman layers of rotating fluids: The case of general initial data. Comm. Pure Appl. Math. 53 (2000)
432-483.
[25] N. Masmoudi, The Euler Limit of the Navier-Stokes Equations, and Rotating Fluids with Boundary. Arch. Rational Mech.
Anal. 142 (1998) 375–394.
[26] N. Masmoudi and T. K. Wong. Local-in-time existence and uniqueness of solutions to the Prandtl equations by energy
methods. Comm. Pure Appl. Math., 68 (2015) 1683-1741.
[27] V-S. Ngo, Rotating Fluids with small viscosity, International Mathematics Research Notices IMRN, 10 (2009) 1860-1890.
[28] M. Paicu, Étude asymptotique pour les fluides anisotropes en rotation rapide dans le cas périodique, Journal de Mathé-
matiques Pures et Appliquées, 83 (2004) 163-242.
[29] O. A. Oleinik, V. N.Samokhin, Mathematical Models in Boundary Layers Theory. Chapman & Hall/CRC, 1999.
[30] J. Pedlovsky, Geophysical Fluid Dynamics. Springer-Verlag (1979).
[31] M. Sammartino, R. E. Caflisch, Zero viscosity limit for analytic solutions of the Navier-Stokes equations on a half-space, I.
Existence for Euler and Prandtl equations. Comm. Math. Phys., 192(1998) 433-461; II. Construction of the Navier-Stokes
solution. Comm. Math. Phys., 192 (1998) 463-491.
[32] H. Swann, The convergence with vanishing viscosity of non-stationary Navier-Stokes flow to ideal flow in R3, Trans. Amer.
Math. Soc. 157 (1971) 373–397.
[33] K. Stewartson, On almost rigid rotations, Part 2, J. Fluid Mech., 3 (1957) 17-26.
[34] G. I. Taylor, Experiments on the motion of solid bodies in rotating fluids, Proc. Roy. Soc. A 104 (1923) 213–218.
[35] A.I. Van de Vooren, The connection between Ekman and Stewartson layers for a rotating disk, J. of Engineering Mathe-
matics, 27 (1993) 189-207.
[36] X.-P. Wang, Y.-G. Wang, Z. Xin, Boundary layers in incompressible Navier-Stokes equations with Navier boundary con-
ditions for the vanishing viscosity limit. Commun. Math. Sci. 8 (2010), no. 4, 965-998.
[37] Y.L. Xiao, Z.P. Xin, On the vanishing viscosity limit for the 3D Navier-Stokes equations with a slip boundary condition.
Comm. Pure Appl. Math. 60 (2007), no. 7, 1027-1055
[38] V. I. Yudovich, A two-dimensional non-stationary problem on the flow of an ideal incompressible fluid through a given
region. Mat. Sb. 4 (1964), no. 64, 562-588
(W.-X. Li) School of Mathematics and Statistics, and Computational Science Hubei Key Laboratory, Wuhan
University, Wuhan 430072, China
E-mail address: wei-xi.li@whu.edu.cn
(V.-S. Ngo) Université de Rouen, CNRS UMR 6085, Laboratoire de Mathématiques, 76801 Saint-Etienne du
Rouvray, France
E-mail address: van-sang.ngo@univ-rouen.fr
(C.-J. Xu) Université de Rouen, CNRS UMR 6085, Laboratoire de Mathématiques, 76801 Saint-Etienne du
Rouvray, France, and, School of Mathematics and Statistics, Wuhan University, Wuhan 430072, China
E-mail address: Chao-Jiang.Xu@univ-rouen.fr
